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a The intensity of cosmic rays at an altitude of 3900 meters was measured hourly 


over a consecutive period of 240 hours. The procedure eliminated the effects due to the 
variations of the temperature and possible variations of pressureof the gas in thecham- 
ber. The ionization was about 1.5+0.25 percent more between 8 A.M. and 4 P.M. than 
between 8 P.M. and 4 A.M. If the variation is due to the soft component of the cosmic 


rays, these results are in satisfactory agreement with the results of other observers. 
ea Analysis of the data suggests that the portion of the space in the neighborhood of the 


.. sun may emit cosmic rays more copiously than the remote regions. This makes doubt- 


ful the inference that the energy in the universe in the form of cosmic rays is comparable 


with that in the form of light. 


be OME of the earlier investigators of cosmic rays reported considerable vari- 
‘g ations in the intensity of these rays as measured at different times of day. 
More extensive observations have indicated that these variations were prob- 


ably statistical fluctuations which did not indicate any significant changes 
‘ in the intensity of the cosmic rays. There have, however, recently been found 
WW very small but consistent differences between day and night.' In previous 
. papers’ we have reported the discovery that the ionization in a pressure ioni- 
zation chamber increases with increasing temperature. A review of the recent 
experiments showed that although in some of them the temperature of the 
apparatus was held constant, in others diurnal temperature changes might 


have affected the observed ionizations. We have therefore carried through a 


new series of measurements of cosmic rays over a period of 240 consecutive 
hours, in such a way that changes of ionization with temperature cannot in- 
fluence our results. The suggestion has been made that the more absorbable 
portion of the cosmic rays shows the greater diurnal variation. This more 
absorbable component is however almost completely absent at sea level. Our 
work was accordingly done at a much higher altitude (3900 m) than any 


previous long series of observations. 


1 A good summary of this work is given by G. Hoffmann, Zeits. f. Physik 69, 703 (1931). 
2? A. H. Compton, J. C. Stearns, and R. D. Bennett, Phys. Rev. 38, 1565 (1931); 39, 873 


(1932). 
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APPARATUS AND PROCEDURE 


A diagram of the apparatus employed is shown partly in section, in Fig. 
1. The ionization chamber is a steel sphere, approximately 10 cm internal 
diameter, filled with air at 30 atmospheres pressure. The ionization current 
is measured by a Lindemann electrometer, operating at about 50 divisions 
per volt. By applying an arbitrary potential to the grounding key, the sensi- 
tivity of the electrometer can be determined, and the needle can be made to 
move over any desired portion of the scale. The ionization current was ap- 
proximately saturated when 144 volts from a dry battery were applied to the 
chamber. Surrounding the ionization chamber may be placed cylindrical 
shells of 2.5 cm of copper, and 5 successive layers of lead, each 2.5 cm thick, 














































































































Fig. 1. Cross section of ionization chamber with shield. 


a total mass of about 800 kg. The equipment was housed in a motor bus. 
which had a wooden roof too thin to absorb any appreciable cosmic radiation. 

The readings consisted in comparing the time required for the electrom- 
eter needle to move 10 microscope scale divisions when cosmic rays alone 
were used with the time when a tube of 0.941 milligrams of radium enclosed 
in 1 cm of lead, was brought to standard position at about 22 cm from the 
center of the chamber. All measurements were made with 2.5 cm of copper 
and 5 cm of lead surrounding the chamber. Auxiliary tests showed that when 
the radium was removed, the ionization due to the local radiation traversing 
this shield was less than 3 percent of that due to the cosmic rays. Thus the 
ratio of the readings is a measure of the cosmic rays in terms of the gamma 
rays from the radium standard. 

In our previous paper we showed that the ratio of gamma ray to cosmic 
ray ionization is independent of pressure. According to the theory of the ef- 
fect of temperature on ionization developed there, the ratio of the ionizations 
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must thus be independent also of the temperature. Thus neither gas leaks nor 
temperature changes should affect our measurements of the radium equiva- 
lent of the cosmic rays. 


EVIDENCE FOR A DIURNAL VARIATION 
The results of the measurements are summarized in Table I and are shown 
in detail in Fig. 2. In Table I the values of 7../7.,, are the averages, over 10 days 
for the hours indicated, of the observed ratios of the ionization due to cosmic 
rays alone and due to cosmic rays plus the gamma-rays, measured as de- 
scribed above. The values of J =7,/7, are calculated from the observed values 
of 7../i.,, from the algebraic relation, 
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TABLE I. Diurnal variation of cosmic rays at 3900 meters, 39°N 100°W, 
September 2-12, 1931. 























| | Temp. ¢ —_ e- 

Hour i, tery | [=1, al" Bar., inch éIT éIp net Io 

6- 8A 0.04113 (0. 04289 | 9.0! 18.663 |—0.00002 |—0.00024 . 0.04263 
8-10 | .04184 | .04366 | 17.2 | 18.704 | —.00024 | +.00003 |—0.00025 | .04320 
10-12 | .04140 | .04319 | 19.4] 18.717 | —.00013 | +.00011 ae 04317 
12- 2P| .04140 | .04319 | 20.0 | 18.718 | —.00010 | +.00011 , 04320 
2- 4 | .04179 | .04361 | 17.7 | 18.687 | —.00003 | —.00008 | —.00032 | .04318 
4-6 | .04106 | .04282 | 15.4 | 18.673 .00000 | —.00017 a 04265 
6-8 | 04119 | 04296 | 9.8} 18.657 | +.00016 | —.00027 _ 04285 
8-10 | .04092 | .04267 | 7.8 | 18.651 | +.00009 | —.00031 _ 04245 
10-12 | .04082 | .04256/ 8.4! 18.663 | +.00004 | —.00024 ie 04236 
12- 2A} .04106 04282 | 8.4 | 18.666 | +.00006 | —.00022 oom 04266 
2-4 | .04126 | .04303 | 7.9] 18.645 | +.00007 | —.00035 , 04275 
4 and -04098 | .04273 | 7.3 | 18.649 | +.00008 | —.00032 : 04249 








Probable error of bi- bain mean value of J= +0.00019. 
Probable error of bi- hourly mean value of J) = +0.00014. 
Mean value of J) =0.04280 +0.00005 =85 ions per cc per sec. at 30 at mospheres, 
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The ratio J is thus a measure of the ionization due to the cosmic rays in terms 
of the ionization due to the y-rays as unity. The temperature and barometric 
pressure are likewise ten day averages taken over the hours indicated. 


CORRECTIONS FOR TEMPERATURE AND PRESSURE VARIATIONS 


These values of J are subject to a small correction due to the variation 
of the battery voltage with the temperature; for a change of the potential ap- 
plied to the ionization chamber induces a charge on the collecting electrode. 
It was found that a change of potential of 2.5 volts on the ionization chamber 
was sufficient to move the electrometer needle over the 10 scale divisions used 
in taking the readings. Thus if 6 V7 is the change in the battery potential dur- 
ing the reading, the correction to be applied is 


6/7 = 16V7/2.5. 


The fluctuations 67 during a single 10 minute reading were too small to be 
measured (of the order of 1 part in 30,000) with our field apparatus. They 
could be calculated, however, from the observed rate of temperature change 
and measurements of the electromotive force at different temperatures. These 
measurements were made on another dry battery of similar construction, us- 
ing the Lindemann electrometer as an electrostatic voltmeter. When a bat- 
tery potential of about 80 volts was applied to the plates of the electrometer, 
changes as small as 0.01 volt could be detected. 

It was found that two types of voltage changes occur. The first is an in- 
crease of e.m.f. of about 0.015 percent per degree Centigrade, which follows 
closely the changes of the battery temperature. The second is a slow change, 
requiring more than 12 hours to come to equilibrium. This is an increase at 
the rate of about 0.003 percent per hour per degree change in temperature. 
The corrections to be applied due to these voltage changes are indicated in 
Table I by 6/7. 

The rate at which the cosmic-ray intensity varies with the barometric 
pressure can be calculated from data showing the intensity at different alti- 
tudes. Using the values given by Millikan and Cameron’ for the ionization in- 
side lead screens, observed at different altitudes under conditions closely simi- 
lar to ours, we find for barometric pressure of 18.7 inches, (1/J)(dI/dP) = — 
0.147 per inch of mercury. This enables us to standardize our intensity values 
by reducing them to 18.7 inches pressure. The appropriate corrections are in- 
dicated in Table I as 6/7,. 

The probable error of each bi-hourly value of J was calculated from the 
variations between the 10 daily readings which make up the average. The 
mean value of the 12 probable errors thus calculated is r= +0.00019. With 
this probable error, it is found by applying Chauvenet’s criterion that it is 
improbable that in 120 data there should be departures from the mean as 
great as those shown in Fig. 2 as points (1) and (2). By neglecting these data 
we thus get more reliable mean bi-hourly values, whose probable error is now 
reduced to r= +0.00018. 


3 R. A. Millikan and G. H. Cameron, Phys. Rev. 37, 242 (1931). 
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Changes in barometric pressure on successive days introduce a fluctuation 
in the bi-hourly values of J of rp = + 0.00011. Similarly, due to the difference 
in the temperature changes on successive days, there is a fluctuation of r;= 
+0.00002. When the intensity is corrected for pressure and temperature 
changes, the probable error of the mean J) values thus becomes 


ro = (r2 — r2 — 7,2)? = + 0.00015. 


It will be noted from Table I and Fig. 3 that the variations in the bi- 
hourly values of J are hardly more than is to be expected from the probable 
error. On the basis of this evidence, we stated in a preliminary report of this 
work?‘ that our readings “showed no variations in intensity greater than were 
to be expected from purely statistical considerations.” However, when the 
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Fig. 3. Mean observed values of cosmic-ray intensity. 


corrections due to the daily changes in barometric pressure are applied, there 
appears a marked difference between the intensity of the rays in the daytime 
and at night. During these experiments, the ionization was about 1.5+0.25 
percent more intense between 8 A.M. and 4 p.M. than between 8 P.M. and 4 
A.M. There is only one chance in about 10‘ that this variation of 6 times the 
probable error should result from statistical fluctuations. 

The existence of this diurnal variation, as well as the effect on the data of 
changes in the barometer, are shown graphically in Figs. 3 and 4. In Fig. 4, 
the dotted circles are calculated including the datum points (1) and (2) of 
Fig. 2 in calculating the average. In these figures the probable error of the 
data is represented by the length of the line drawn through each datum point. 
It will be noted that whereas before correction for barometric changes, 7 of 
the 12 points lie within the probable error of the mean position, after this cor- 
rection only 3 of the 12 points lie within the probable error of the mean. In 


4 R. D. Bennett, J. C. Stearns and A. H. Compton, Phys. Rev. 38, 1566 (1931). 
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Fig. 2 the “barometer effect” shows itself by the gradual rise of the mean in- 
tensity of the cosmic rays as the daily average of the barometer readings falls. 

Diurnal variations similar to that here reported have been noted by other 
observers. Recently Lindholm® and Hess® have shown that an analysis of the 
data taken by Hoffmann and Lindholm? at 2450 m shows a diurnal change 
larger than the probable error, and about 0.5 percent of the whole cosmic-ray 
intensity. Likewise Hess and Pforte’ from their own data at 100 m elevation 
find an intensity which is on the average 0.33 percent greater during the day 
than at night. This is precisely the magnitude of the effect reported by Milli- 
kan® in his most recent sea level measurements, though Millikan doubts 
whether the difference he observed was greater than the experimental error. 
Hoffmann" also notes an effect (at about sea level) “due to the sun” of the 
same order of magnitude as Millikan's, but of questionable reality. 
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Fig. 4. Cosmic-ray ionization as function of time of day. Corrected for ef- 
fects of temperature and pressure variations, 


A possible explanation of the greater magnitude of the diurnal variation 
which we have found is that the variation occurs only in the soft component 
of the cosmic rays (u= ca. 0.8 per meter of water). At 3900 m this consti- 
tutes about 65 percent of the whole cosmic radiation, whereas at sea level it 
amounts to only 8 percent. Thus our average difference of 1.0 percent between 
the 12 daylight hours and the 12 night hours would correspond to a difference 
of 0.12 percent at sea level or 0.7 per cent at 2450 meters. These values are in 
reasonably satisfactory agreement with those cited above. 


5 F, Lindholm, Gerlands Beitrage zur Geophysik 22, 141 (1929). 

6 V. F. Hess, Naturwiss 18, 1094 (1930). 

7 G. Hoffmann and F. Lindholm, Gerlands Beitrage zur Geophysik 20, 12 (1928). 
8 V. F. Hesse and W. S. Pforte, Zeits. f. Physik 71, 171 (1931). 

* R.A. Millikan, Phys. Rev. 39, 391 (1932). 

10 G. Hoffmann, reference 1. 
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SIGNIFICANCE OF THE DIURNAL VARIATION 


Two alternative types of diurnal variations may be anticipated. The first 
would be due to rays coming directly from the sun. In this case the intensity 
of the “solar component” would be a maximum at noon, falling gradually to 
zero at sunset as the rays penetrate greater and greater thickness of the at- 
mosphere. Curve I of Fig. 4 is calculated on this hypothesis, assuming that 
the solar component has the same absorption coefficient (ca. 0.8 per meter of 
water) as the soft component of the cosmic rays. The calculation is made for 
latitude 39°36’N, and sun’s declination of 5°30’N. 

The second alternative would be that cosmic rays are emitted more abun- 
dantly from the portions of space in the neighborhood of the sun than at re- 
mote distances. This would give rise to a gradual change, with a maximum at 
noon and a minimum at midnight, following approximately a sine curve, as 
indicated by curve II of Fig. 3. 

If we represent by 1 the mean square departure of the data from the true 
value as calculated from the probable error, the mean square departure from 
curve I is found to be 1.9, from IT is 0.8 and from III is 2.5. That is, curve II 
is much more probable than curve I or the straight line III, and agrees satis- 
factorily with the experimental data. It should be added that if a curve simi- 
lar to I is calculated assuming the absorption of the solar component to be 
the same as of the total cosmic-ray beam it agrees considerably better with the 
experiments than does the curve I as here drawn. Such an assumption seems 
however to be ruled out by the fact noted above that at low altitudes the 
diurnal variation is much less prominent than at high altitudes. 

Thus the evidence favors the view that the diurnal variation follows ap- 
proximately a sine curve, with the maximum at noon and minimum at mid- 
night. Unless this effect is due to some obscure atmospheric phenomenon, it 
suggests that the portion of space in the neighborhood of the sun emits cos- 
mic rays more copiously than the more remote regions. It can be simply 
shown that the effective radius of the region from which the rays come should 
be approximately, 

r = 2a/6 


where a is the radius of the earth’s orbit, and 6=(J noon—I midnight)/ J. 
Thus if 6 for the soft component of the cosmic rays is 0.02, r becomes 100 times 
the radius of the earth's orbit, or about twice the radius of the orbit of Pluto. 

Millikan and Cameron have shown that the energy received by the earth 
as cosmic rays is comparable with that received as star-light. If the cosmic 
rays which we receive are a fair sample of those existing in interstellar space, 
this means that the energy in the universe in the form of cosmic rays is of the 
same order as that in the form of light. Curve II which these experiments 
confirm is however based on the assumption that the part of space near the 
sun emits cosmic rays more copiously than the more remote regions. That is, 
these experiments support the view that we do not receive a fair sample of 
the cosmic rays. This makes it difficult to form any reliable estimate of the 
energy of cosmic rays in interstellar space. 
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Without the cooperation of Messrs. V. J. Andrew, A. A. Compton, J. A. 
Longman, P. J. Mills, and L. N. Ridenour, Jr. of Chicago, and of P. Barth, 
C. Hedberg and W. Overbeck of Denver, the long series of readings required 
to obtain these results could not have been secured. We are indebted also to 
Mr. J. W. Ailinger, Superintendent of the Department of Mountain Parks, 
and to Mr. Donald Keim of the Chamber of Commerce of the City of Denver 
for facilitating our work on Mt. Evans in every possible way. Part of the 
equipment was purchased with a grant from the Rumford Committee. 
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Diffuse Scattering of X-Rays from Sodium Fluoride 


By G. E. M. Jauncey* anp P. S. WILLIAMS 
Washington University, St. Louis 


(Received May 27, 1931) 


S(class) values have been obtained for the monatomic gases argon and neon by 
Wollan, and for the simple cubic crystals sylvine and rocksalt by Harvey, and Jauncey 
and May. F values for the average }(K*+CI-) and 3(Na*+Cl-) atoms have been ob- 
tained by James and Brindley, and James and Firth. By means of the formulas for 
gases and crystals developed by Compton, and by Jauncey and Harvey, the above 
have yielded comparisons between S(class) and f’ values for argon and the average 
sylvine atoms, and for the average }(A+ Ne) atoms and the average rocksalt atoms. 
The agreement on the whole has been excellent. The object of the present research was 
to make similar comparisons of the above results for neon with those for }(Na*+F-), 
by using Havighurst’s F values for this average atom. The methods of experiment and 
calculation were similar to those of Jauncey and May, as modified by Harvey, except 
that Woo's form of the crystal formula was used to take account of the incoherent 
scattering. Unlike the case of argon and sylvine, we found that the f’ values for the 
crystal of NaF are definitely lower than those for the gas neon. This implies that for 
weak nuclear fields the electron distribution in an atom of a crystal is perceptibly more 
diffuse than that in an atom of the corresponding gas. We also calculated B values and 
found that the second hump in the B curve which is barely indicated by Wollan’s 
values for neon is definitely present. A Fourier analysis will therefore give a U curve 
which shows a hump for the K electrons of NaF. 


I. INTRODUCTION 


ONSIDER the case of a beam of unpolarized x-rays of intensity Jo 
per unit area of the beam falling upon a speck of matter containing n 
molecules, where is so small that the loss due to absorption of the x-rays in 
the speck may be neglected and yet so large that the intensity of the x-rays 
scattered by the speck per unit solid angle in a direction @ with the primary 
beam is proportional to m and to Jo, the primary intensity. We may then say 
that the intensity of these scattered rays is JignJo, where Jy is a propor- 
tionality constant for a given value of ¢. It is possible to measure Jy 4nJo 
experimentally, whence upon dividing by Jo the value of J, may be found. 
We shall call J, the scattered intensity per unit solid angle per molecule per 
unit primary intensity in the direction @. 
On the simple Thomson! theory of x-ray scattering, the scattered inten- 
sity from a molecule containing Z electrons is given by 


Iug = (Zet/m*c*)-(1 + cos* ¢)/2 (1) 


since each of the electrons in a molecule scatters independently. However, it 1s 
found that the experimental values of J, are not in general given by the 


* The senior author was aided in part by a grant from the Rockefeller Foundation to 
Washington University for research in science. 
1 J. J. Thomson, The Conduction of Electricity through Gases, 2nd Ed., p. 325. 
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right side of (1). Barkla and Ayers* found that at small angles the experi- 
mental values of Jy, are greater than the right side of (1) and it has now 
become customary to multiply the right side of (1) by a factor S, so that 


Tug = (SZe*/mPc4)(1 + cos? ¢)/2 (2) 


We shall call S the scattering factor per electron or simply the scattering fac- 
tor. The value of S depends upon the electron distribution in each molecule 
of the speck and upon the arrangement of the molecules in the speck. The 
value of S may be found experimentally in all cases, but can only be calculated 
theoretically in particular cases. In 1930 Compton,’ using the principles of the 
classical theory, showed that for the case of scattering from a monatomic gas 


S=14+(@-1)f?/2 (3) 


where Z is the number of electrons in an atom of the gas and f’ is related to 
the true atomic structure factor f in a manner discussed by Jauncey' and 
Herzog.> In 1931 Jauncey® showed that for the case of scattering from a solid 
consisting of atoms of one kind 


S=14+ (2 -—1)f?/Z? + (F?/nZ)X (4) 
where F is the atomic structure factor including the effect of thermal agita- 
tion and X is a certain double summation. Jauncey and Harvey’ have shown 
that for the case of a simple cubic crystal Y = —n, where n is the number of 
atoms in a speck of the crystal. Hence, for a simple cubic crystal consisting 
of atoms of one kind Eq. (4) becomes 

S=14+ (2 —1)f2/22 -— F2/z. (5) 


Eqs. (3), (4) and (5) are derived from the principles of the classical theory 
and do not take account of the Compton effect. Wentzel> has applied the 
principles of wave mechanics to the theory of the Compton effect, and Woo? 
by extending Wentzel’s arguments has arrived at a formula for S of the form 


S = S; + S2/(1 + avers ¢)? (6) 


where a=h/mceX. For both the case of a monatomic gas and the case of a 
simple cubic crystal consisting of atoms of one kind, Woo gives 


S; = 1 — f"/Z? (7) 
For a monatomic gas, Woo gives 

S, = f2/Z (8) 
and, for a crystal, 

S, = (f? — F?)/Z. (9) 


2 C. G. Barkla and T. Ayers, Phil. Mag. 21, 275 (1911). 

3 A. H. Compton, Phys, Rev. 35, 925 (1930). 

*G. E. M. Jauncey, Phys. Rev. 38, 1 (1931). 

5 G. Herzog, Zeits. f. Physik 69, 207 (1931). 

6G. E. M. Jauncey, Phys. Rev. 37, 1193 (1931). 

7G. E. M. Jauncey and G. G. Harvey, Phys. Rev. 37, 1203 (1931). 
8 G, Wentzel, Zeits. f. Physik 43, 1 and 779 (1927). 

* Y. H. Woo, Phys. Rev. 38, 6 (1931). 
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We shall call S,; and S, the coherent and incoherent scattering factors, respec- 
tively. It should be noted that from Eq. (6) 


S = S; + Se (10) 


when a=0. In this case, using Eqs. (7) and (8), it is seen that the right side 
of Eq. (10) reduces to the right side of Eq. (3); also, using Eqs. (7) and (9), 
the right side of Eq. (10) reduces to the right side of Eq. (5). Since Eqs. (3) 
and (5) were derived by means of the classical theory, we may say that the 
sum of the coherent and incoherent scattering factors equals the classical 
scattering factor. 

Jauncey and Harvey" have noted that, if the f’ values for a monatomic 
gas are the same as those for a crystal consisting of the same kind of atoms as 
the gas, f’ may be eliminated from Eqs. (3) and (5), giving 


Sens = (S + F?, Z )eryst . (1 1) 


This relation is also valid if Woo’s Eqs. (6), (7), (8) and (9) represent the true 
state of affairs. Since the atoms of sylvine are argon-like, the relation expressed 
by Eq. (11) should hold for argon and sylvine. Using the experimental S 
values for argon and sylvine obtained by Wollan" and Harvey” respectively, 
and the F values for sylvine obtained by James and Brindley," Jauncey and 
Harvey’’ have shown that the relation expressed by Eq. (11) holds very 
closely for argon and sylvine. 

The purpose of the present research was to test the accuracy of the rela- 
tion expressed by Eq. (11) for neon and sodium fluoride. Since S values for 
neon and F values for sodium fluoride have already been obtained by Wol- 
lan" and Havighurst" respectively, it remained for us to determine the S 
values for sodium fluoride. 


Il. EXPERIMENTAL METHOD 


The experimental method was essentially that used by Jauncey and May" 
and modified by Harvey.” Unpolarized x-rays from a tungsten target tube 
were used. The rays were made effectively homogeneous by placing 1.65 mm 
of aluminum in the primary beam of x-rays. This beam was scattered by a 
slab of sodium fluoride crystal into an ionization chamber. With the ioniza- 
tion chamber placed at an angle @ with the primary beam, the crystal was 
set at various positions, so that 6, the angle between the normal to the crystal 
slab and the primary rays, passed through the value ¢/2. At @=¢/2, which 
is the Crowther" position, a Laue spot was reflected into the chamber. Read- 
ings on both sides of the Laue spot were made and an interpolated reading at 
the position of the Laue spot was calculated as described in the papers of 
Jauncey and May and Harvey.” The ionization chamber was filled with 


10 G. E. M. Jauncey and G. G. Harvey, Phys. Rev. 38, 1071 (1931). 

" E.O. Wollan, Phys. Rev. 37, 862 (1931). 

2 G. G, Harvey, Phys. Rev. 38, 593 (1931). 

1 R.W. Jamesand G. W. Brindley, Proc. Roy. Soc. A121, 155 (1928). 
4 R. J. Havighurst, Phys. Rev. 29, 1 (1927). 

16 G. E. M. Jauncey and H. L. May, Phys. Rev. 23, 128 (1924). 

16 J. A. Crowther, Proc. Roy. Soc. A86, 478 (1912). 
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air saturated with ethyl bromide at a temperature of 22°C, at which tempera- 
ture the vapor pressure of the bromide” is 415 mm of mercury. The length 
of the ionization chamber was 43 cm. The effective wave-length of the x-rays 
passing through the aluminum filter and the crystal in the Crowther position 
was found by observing the absorption in further sheets of aluminum. The 
effective wave-length was 0.39A when the x-ray tube was operated at about 
65 k.v. peak and 10 m.a. 

Instead of comparing the intensity of the x-rays scattered at an angle @ 
from the crystal with those of the rays scattered from the crystal at some 
standard angle such as 60° as in Harvey's experiment, we compared the inten- 
sity of the rays scattered from the crystal in a direction ¢@ with that of the 
rays scattered from a slab of carbon at a constant angle of 40°. Not only 
were the intensity of the scattered rays compared but also the intensities of 
the transmitted rays. Then, later, the intensity of the rays scattered from 
the carbon slab were compared with that of the rays scattered from a slab of 
paraffin at 90°, and also the intensities of the transmitted rays were com- 
pared. We were therefore able to calculate the ratio of the intensity of the 
X-rays scattered by the crystal at an angle @ to that of the rays scattered 
by paraffin at 90°, and also the ratio of the intensity of the primary beam 
transmitted through the crystal when in the Crowther position corresponding 
to a scattering angle @ to that of the primary beam transmitted through the 
paraffin when in the Crowther position corresponding to a scattering angle of 
90°. We shall call these two ratios the scattering ratio and the transmitted 
ratio, respectively. 

It must be noted that the ratios actually observed are ratios of ionization 
currents and not ratios of intensities. This difference comes in because the 
length of the ionization chamber is not sufficient for the complete absorption 
of the x-rays entering the chamber. The values of the ratios are shown in 


Table I. 


TABLE I, Experimental ratios. Sodium fluoride to paraffin. 














(sin 3¢)/A Scattering Transmission 
0.109 0.26 1.333 
.218 2.47 1.333 
.327 3.02 1.331 
.434 3.16 1.327 
.540 3.20 1.317 
.647 3.14 1.310 
855 2.77 1.282 
1.057 2.46 1.243 
1.250 2.19 1.196 
1.447 1.91 1.140 
1.631 1.73 1.072 
1.812 1.59 1.000 





The surface density of the crystal was 1.443 gm/cm? while that of the paraffin was 0.701 
gm/cm?. 








III]. INTERPRETATION OF THE RESULTS 


Crowther’s formula" for the intensity of the x-rays scattered in a direction 
¢ from a slab of material whose thickness is ¢ is 


17 International Critical Tables, III, p. 217. 
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Ty = (AIt/R? cos $9) -s (12) 


where 7 is the intensity per unit area of the rays transmitted through the slab 
when held in the Crowther position, A is the area of the ionization chamber 
window, R is the distance of the window from the slab, and s is the linear 
spatial scattering coefficient per unit solid angle in a direction ¢. At the time 
Eq. (2) was derived by Crowther, the Compton effect was unknown. Jauncey 
and Defoe"? have considered the effect of the division of the scattered rays 
into coherent and incoherent rays and have shown that the simple Crowther 
formula must be replaced by 


Ts = (AIt/R? cos 3@)(s1 + seT) (13) 


where s; and s2 are respectively the coherent and incoherent linear spatial 
scattering coefficients per unit solid angle in a direction ¢, and where T is a 
complicated expression involving the absorption coefficients of the coherent 
and incoherent scattered x-rays in the slab, in the air between the slab and 
in the aluminum window of the chamber. 7 is a function of the scattering 
angle @. We shall write 

Ig = Io: + Io2 (14) 
where J,; and 7,2 are the intensities of the coherent and incoherent rays re- 
spectively. From Eq. (13), 





To. = (AIt/R? cos $¢)- 5; (15) 
and 
Alt , (16) 
, > — AY ° 
R? cos 50 ’ 


Let the fractions of J4; and J42 which are absorbed in the ethyl bromide of 
the ionization chamber be Ko and Ky respectively. Then, if Cy: and C42 are 
the respective ionization currents produced, we have 


Cor = Kolo: (17) 

Coe = Kol oz. (18) 
Also, if C is the ionization current produced by the transmitted rays, 

C= Kl. (19) 


Hence, replacing the J's in Eq. (14) by the C’s and taking account of Eqs. 
(15) and (16), we obtain, after rearranging and putting Cy = Cgi+ Coo, 


ACt KT 
Cy ” \s + Swe (20) 
R? cos 3@ Ko 





C., is the actual measured ionization current. The relation between s, and 
S; is " 
S$, = S\(NZp/W)-(e4/m?c*) -(1 + cos? )/2 (21) 


while that between s2 and S» is 


NZp/W) -(e4/m?c*) (1 + cos® $) 
— p/W)-( cf) ( s (22) 





(1 + avers ¢)* 2 
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where p is the density of the slab, NV is Avogadro’s number, Z is the number 
of electrons in a molecule, and W is the molecular weight of the slab. If the 
scattering is from a slab of crystal, we use the values of S; and S: as given by 
Woo's Eqs. (7) and (9). 

According to Harvey,” when x-rays of wave-length 0.39A are scattered 
at 90° from paraffin, the scattered rays are almost entirely incoherent, so that 
for this case, we may take S;=0 and S:=1. Hence, for scattering from paraf- 
fin at 90° we obtain an equation similar to Eq. (20), but with s;=0 and s» 
given by Eq. (22) when S.=1. In this equation for the scattering of paraffin, 
let us represent the ionization currents by P’s. Dividing Eq. (20) by this equa- 
tion for paraffin, we obtain after rearranging and taking account of Eqs. (7) 
and (9) for a crystal 

K(f"? — F2)/Ze + K.Toe 2 ~ ete ee slr 
; (1+ avers¢)®? 1+ cos*@ cos 45° pete 535 
-(W/Z)c:(Z/W)p-Co/Po0- P/C-1/(1+e)3. m 


Quantities with the subscript C refer to the crystal of sodium fluoride, while 
those with the subscript P refer to the paraffin. In the present case the 
changes of absorption due to change of wave-length in the air between the 
scattering slab and the ionization chamber and in the aluminum chamber 
window are negligible, so that 7 reduces to 

T = (1 — e-*)/g (24) 
where 

g = (ue — wi)t/cos 3¢. (25) 
The quantities uz and yw; are the linear absorption coefficients of the incoherent 
and coherent scattered rays in the scattering slab. 

All quantities in Eq. (23) except f’ are either known, can be calculated, or 
can be measured. Eq. (23) therefore enables us to find f’. These values of f’ 
are shown in Table II. Values of F?/Z as given by Havighurst" are also shown 
in this table. Knowing f’ we can find S; and S, by means of Eqs. (9) and (7) 
and hence also S(class), where 

S(class) = S; + So. (26) 


The values of S,, Ss and S(class) are also shown in Table IT. 


TaBLeE II. f’ and S values for sodium fluoride. 











(sin 3¢)/X F?/Z | S; Ss S(class) B 
0.109 8.65 9.27 — 0.141 0.141 2.53 
.218 4.95 7.20 0.240 .482 422 3.94 
Be 2.37 5.00 0.130 .750 .880 4.10 
.434 .99 3.23 0.053 .895 948 3.52 
.540 45 2.2% 0.038 951 .989 3.05 
.647 .20 1.51 0.028 .977 .995 2.45 
.855 .05 .74 0.005 .994 .999 1.59 
1.057 .00 a7 0.003 1.000 1.003 45 
1.250 .00 ae 0.030 .997 1.027 1.72 
1.447 .00 .48 0.023 .998 1.021 1.74 
1.631 .00 .46 0.021 .998 1.019 1.87 


1.812 .00 .00 0.000 1.000 1.000 .00 


oo —— 
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Compton has introduced a quantity B which is given by 
BZ = 8rf'(sin ¢/2)/X. (27) 


The values of B are shown in the seventh column of Table II. This quantity 
is used in Compton's Fourier analysis method of obtaining the electron dis- 
tribution within an atom. 


IV. COMPARISON WITH THE SCATTERING FROM NEON 


Wollan’s S(class) values for neon, our S(class) values for sodium fluoride 
and Havighurst’s F*/Z values for sodium fluoride are shown by curves I, II 
and III respectively, of Fig. 1. Curve IV shows the values of S(class) + F?/Z 
for sodium fluoride. It is seen that, unlike the case of sylvine and argon, the 
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Fig. 1. Comparison of scattering from neon and NaF. Curve I—S(class) for neon (Wollan) ; 
Curve II—S(class) for NaF; Curve III—F*/Z for NaF (Havighurst); Curve IV—S(class) 
+ F*/Z for NaF. 





(S(class) + F?/Z) curve for sodium fluoride falls definitely below the S(class) 
curve for neon. Wollan’s f’ values for neon and our f’ values for sodium 
fluoride are shown by curves I and II respectively, in Fig. 2. Comparing these 
curves, we note that the f’ values for sodium fluoride are definitely below 
those for neon, so that the electron distribution for the average atom in a 
crystal of NaF is more diffuse than that for an atom of the gas neon. It is 
reasonable to expect that, when the atoms of a gas are concentrated into a 
crystal, there should be a distortion of the electron distribution of the atoms. 
This distortion explains the difference between the f’ values for NaF and 
those for neon and it also explains the difference between the curves I and IV 
of Fig. 1. We might expect the distortion to be greater in the case of NaF 
than in the case of KCl, since the nuclear field of an atom in NaF is much 
weaker than that of an atom in KCI. This explains why there is such good 
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agreement between argon and sylvine but not such good agreement between 
neon and sodium fluoride. 
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Fig. 2. Comparison of f’ values. Curve I—Neon (Wollan); Curve II 
—NaF (Jauncey and Williams). 
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Fig. 3. Comparison of S(class) values for crystals. Curve I—sylvine (Harvey) ; Curve II—rock- 
salt (Jauncey and May); Curve III—NaF. 





By referring to the seventh column of Table II, it is seen that our B values 
indicate two humps in the B curve in agreement with the B curve for neon 
which Wollan gives. It is the presence of the second hump which, according to 
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Wollan, causes the separation of the K electrons in the Fourier analysis 
of neon. We may say then that our B values support qualitatively Wollan’s 
finding of a hump for the K electrons of neon in the U curve which he obtains 
by means of a Fourier analysis of his B curve for neon. 

In this connection, the senior author wishes to remark that, as he* has 
already pointed out, the Compton Fourier analysis method in its present 
form is applicable only if f’ =f. The senior author is not at present willing to 
admit that f’=f. Indeed, Woo has recently shown that the experimental 
evidence is rather in favor of f’ #f. Jauncey* has shown that f’ <f if 


( LE.) <Z>E? (28) 


which is always the case unless all the ’s are equal. All the E’s can be equal 
only if the individual electrons of an atom are indistinguishable from one 
another as far as the scattering of x-rays is concerned. The senior author is 
not at present willing to admit that the electrons in an atom are indistinguish- 
able from one another. 


V. COMPARISON WITH SYLVINE AND ROCKSALT 


An interesting comparison of the S curves for sylvine,” rocksalt’ and so- 
dium fluoride is shown by curves I, II, and III respectively of Fig. 3. It is seen 
that as the average atomic number decreases the hump of the S curve dimin- 
ishes until in the case of NaF the presence of a hump is by no means obvious. 

In conclusion it should be pointed out that we found it necessary to use 
Woo’s formula for the diffuse scattering from crystals in preference to Jaun- 
cey and Harvey's formula. For sylvine the scattered radiation is principally 
coherent so that the classical formula of Jauncey and Harvey is sufficiently 
approximate. However, in the case of sodium fluoride it is necessary to take 
account of the fact that a considerable portion of the scattered radiation is 
incoherent. Woo’s separation of the scattered radiation into coherent and 
incoherent radiation has enabled us to allow for the difference in the absorp- 
tion of the two kinds of radiation in the ionization chamber, and also for the 
extra absorption of the incoherent radiation in the crystal itself. 

We wish to thank Professor H. M. Randall of the University of Michigan 
for supplying the crystal of sodium fluoride. 
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Very Soft X-Ray Spectra of Heavy Elements 


By C. pEL Rosario 
University of Pennsylvania 


(Received May 31, 1932) 


Absolute wave-length measurements by photographic methods with plane grat- 
ings (280 and 1180 lines per mm) have been made on very soft x-ray lines of Th, Pb, 
Hg, Au, Ir, W and Ta. The wave-lengths range from 43.6A to 104.8A. For Hg, Au, Ir, 
W and Ta doublets were observed whose probable origins are transitions within the N 
shell, i.e., An =0. These doublets fall on a smooth Moseley curve of small curvature. 


INTRODUCTION 


N A recent work! on very soft x-rays, Thibaud measured the wave-lengths 

of several emission lines of the N and O series of some elements of high 
atomic numbers. He showed that, from the ordinary x-ray selection rules 
and with the energy-level values computed by Bohr and Coster, no electron 
transition could be selected that could predict accurately the wave-lengths of 
several lines he obtained by experiment. He suggested the possibility of an 
electron transition from one orbit to another in the same shell, and he showed 
a good agreement between the energy changes following such forbidden transi- 
tions and those experimentally observed. On account of the fundamental 
character of the principles and facts involved, it was thought desirable to 
confirm and extend Thibaud’s determinations with hope of obtaining addi- 
tional information on the structure of the outer part of the heavy atoms. 


EXPERIMENTAL METHODS 


The high absorbability of the radiation to be investigated requires the 
experiments to be done in vacuo. In the present work photographs of the 


eT ny ee ee 
, 1 5z--.[26 
5, S2 ~ Le eo... B 
oe q 
Fig. 1. 


x-ray lines were taken with the aid of two vacuum spectrographs of a design 
resembling in general principles those used by Thibaud? and other investiga- 
tors® in soft x-rays. Several variations in details were made, however, with 
the end in view of possible improvements or simplifications. Fig. 1 shows 


1 Thibaud, Comptes Rendus 188, 1394 (1929). 

2 Thibaud, Jour. de Physique 8, 447 (1927). 

3 For instance see: Hunt, Phys. Rev. 30, 227 (1927); Weatherby, Phys. Rev. 32, 707 (1928); 
Howe, Phys. Rev. 35, 717 (1930); Soderman, Zeits. f. Physik 65, 656 (1930). 
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schematically the principleinvolved in the wave-length measurements. X-rays 
from the target 7° pass through the limiting slits S, and S.. Part of the narrow 
beam thus formed falls on a glass line grating G which reflects and diffracts it, 
while the rest passes by the grating and falls on a photographic plate P at 
A. The reflected and diffracted beams fall on the plate at Band C respectively. 

The wave-lengths of the lines were calculated from the ordinary diffrac- 
tion relation 


ny = D{cos 6 — cos (6 + a)] 


using the modified form m\ =2D sin[(20+a)/2] sin a/2 where n denotes the 
order of the spectrum, A, the wave-length and D the grating constant. To 
determine the glancing angle 6, it is necessary to know the position on the 
photographic plate of that part of the x-ray beam which was reflected and 
diffracted. This was accomplished by giving to the position of the image of 
the undeviated beam such correction as to make the wave-lengths of the 
different orders of a line—e.g., the O Ka—agree among themselves. This 
correction was always small. Most of the wave-length measurements were 
made with the nearest order of this line for comparison. 

The glass gratings used in this work have spacing constants of 4.000 K 10~ 
cm and 8.476 X 10~ cm determined with the aid of the 5461A line of mercury. 
The grating was mounted on a carefully made holder which, by fine screws, 
can give it rotation about three mutually perpendicular axes besides a hori- 
zontal translation perpendicular to the x-ray beam without disturbing the 
orientation of the grating. 

The limiting slits have beveled jaws with fine screws for width adjust- 
ment and horizontal displacement perpendicular to the x-ray beam. In addi- 
tion, both slits can be rotated independently about an axis parallel to the 
x-ray beam to put them in the same vertical plane. 

The photographic plate is held perpendicular to the x-ray beam in a light- 
tight box with the emulsion side pressed against a rigid metal surface in the 
box, obviating the necessity of measuring the thickness of the glass backing 
of every plate to get the grating-to-plate distance. The box is provided with 
a trap door in the front end which can be opened and closed at will by a mag- 
net outside the spectrograph. One of the boxes used was so constructed that 
two parallel plates at different distances from the grating could be exposed 
at the same time. This offered a way to check up the measured distance, grat- 
ing to plate, the distance between the plates being known. Five inch plates 
were used in the big spectrograph at about 50 cm from the grating, and lines 
as far as 10 cm from the undeviated line could be measured. The positions of 
these lines were obtained from densitometer measurements. 

Fogging of the plates due to stray visible light from the hot filament, 
which gave trouble to some previous investigators, was effectively eliminated 
by three circular disks. They were bolted to the optical bench, which also 
carried the slits and grating holder. Two of these disks, each with an opening 
1.5 X0.2 cm, were placed one in front of each slit; while the third, which had 
a rectangular opening, part of which was covered with aluminum foils of suit- 
able thickness to cut down the intensities of the undeviated beam and the 
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reflected beam, was in front of the plate box. The undesirable broadening of 
the images of the direct and reflected beams was prevented by the aluminum 
foils. 

Figs. 2 and 3 show the construction of the two types of x-ray tubes em- 
ployed. Copper, iron, lead, bismuth, iridium and gold targets were used, the 
last four in the form of buttons imbedded in copper. The electron source was 
a spiral filament of pure tungsten, thoriated tungsten or tantalum. It can 
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Fig. 2. 


be seen that the target can easily be removed from the tube for cleaning or 
replacement, and put back in its original position. The filament can also be re- 
placed readily. Its position and that of a focussing tube were adjusted by a 
series of trials to make the focal spot of the most satisfactory size. The wide 
flange at the outer end of the glass insulator for the target in the metal x-ray 
tube increases greatly the sparking distance, while the turned-in edges at the 
inside end keep the inner surface of the insulator free from sputtered metal. 
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Fig. 3. 





The vacuum in the spectrograph and in the x-ray tube was obtained with 
a Kurth two-stage mercury vapor pump backed by a Cenco Megapump. 
Voltages ranging from 2500 to 7500 volts were supplied to the x-ray tube by 
a transformer-rectifier-condenser set connected for full wave rectification. 
The current through the tube ranged from 30 X 10-* to 100 X 10° ampere, but 
in no case was the power used more than 300 watts. 


EXPERIMENTAL RESULTS 


Table I gives the wave-lengths of the observed lines, the corresponding 
values for v/R and the probable transitions giving rise to these lines. For com- 
parison, Thibaud’s wave-lengths are also listed as well as computed values of 
v/ R based on Bohr and Coster’s table of energy levels. 


DISCUSSION OF RESULTS 


The agreement between the wave-lengths here obtained and those of 
Thibaud for the same lines is very satisfactory. The two observed lines each 











SOFT X-RAY SPECTRA 139 


of tantalum, tungsten, gold and mercury seem to form regular or relativity 
doublets of about 3A separation. The transitions assigned to these lines are 
identical for these elements but are forbidden by the selection rules, since 


TABLE I. Wave-length of observed lines. 


Wave-length 

















Element atomic Present Thibaud’s Probable Present Bohr and 
number work value origin work Coster 
Tantalum 58.3A 58.3A Niv —Nvi 15.6 15.6 
73 61.3 61.4 Ny —N vi-vii 14.8 14.4 
Tungsten 56.0 56.0 Niv —Nvi 16.2 15.9 
74 59.0 59.1 Ny —Nvi-vit 15.4 15.6 
Iridium 53.0 -- Ny —Nvi-vii 17.2 -- 
4d 
Gold 46.2 46.8 Niv —Nvi 19.7 20.0 
79 48.9 49.4 Ny —Nvi-vii 18.6 18.6 
Mercury 43.6 _- Niv —Nvi 20.8 
80 46.4 _- Ny —Nyi-vii 19.6 - 
Lead 84.2 Nyi -Oiv 10.8 10.0 
82 102.3 O; —-Pii 8.9 -—- 
104.8 O; —Piii 8.7 — 
Thorium 50.4 50.3 Nvii-Oy 18.1 18.4 
64.5 64.5 O;; —-Pi 14.1 - 
68 .3 68.1 Oi-Pi 13.3 
4.6 
44 “a 
Pa 
4.2 — 
4.0 
3.8 
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Fig. 4. 


here the total quantum number does not change. The nearest values for 
changes in v/R allowed by the rules are 1.9 to 2.6 or 9.5 to 17.6 percent smaller 
than those corresponding to the observed lines which, by the way, are the 
only ones found for these elements. Fig. 4 shows how closely these doublets 
follow Moseley’s law. 

No spectrum line has so far been observed characteristic of bismuth. This 
is not surprising since its low melting point and poor heat conductivity made 
it impossible to use a fair amount of power in the x-ray tube and to use a 
reasonably small focal spot. The lines obtained for iridium, mercury and lead 
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are believed to have been measured for the first time. There is some doubt 
about the justification of assigning to mercury the lines at 43.6A and 46.4A. 
The assignment was made on the basis of known facts for the doublets of 
tantalum, tungsten and gold. First, the two lines have about the same sepa- 
ration as the other doublets; second, the component of greater wave-length is 
of greater intensity; third, the plotted points fall close to the Moseley curve 
for the other elements if the atomic number for mercury is used. The line at 
53.0A is probably the more intense line of the doublet for iridium. Why cor- 
responding doublets did not appear in the spectra of lead and thorium is not 
vet understood; however, a further extension of this work may shed light on 
this question. 

In conclusion I wish to express my thanks to Professor C. B. Bazzoni for 
his encouragement and suggestions during the progress of the work. 
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On the Relative Abundances of the Nitrogen 
and Oxygen Isotopes 


By GeorGE M. Murpuy anp Harorp C. Urey 
Department of Chemistry, Columbia University 


(Received June 9, 1932) 


The absorption spectra of samples of nitric oxide were investigated for the purpose 
of obtaining the relative abundance of the nitrogen and oxygen isotopes. Nitrogen 
from four different sources was investigated: air nitrogen, obtained from the Haber 
and Birkeland-Eyde processes; nitrogen from Pennsylvania coal and from Chili salt- 
peter. One sample of oxygen was obtained from a Pre-Cambrian magnetite. A method 
has been described for converting the nitrogen and oxygen from these different sources 
into nitric oxide. A method of photographic photometry has been applied to the spec- 
tra obtained. The procedure for obtaining the relative abundance of the isotopes is 
discussed together with the possible sources of error. The average of 32 measurements 
gives for the ratio of N“O"*/N"O!8 the result 0.549 +0.007:1. This gives the value 
346:1 for the ratio N“/N. The isotopic composition of the four samples of nitrogen 
and two samples of oxygen is constant within approximately 10 percent. 


HE relative abundances of isotopes that are present only in smallamounts 
such as those of carbon, nitrogen, oxygen and hydrogen are of great im- 
portance for several reasons. Because of the fact that oxygen is chosen as the 
standard for atomic weight determinations, the relative abundance of its 
isotopes is required as precisely as possible in order to convert from the 
chemical scale to the mass spectrograph scale. Recent discussions! as to other 
possible standards for atomic weights, also point out that it is very important 
to discover whether rare isotopes such as those of oxygen are constant in 
abundance with respect to samples of oxygen from different sources. Al- 
though the constancy of the more common isotopes is fairly well established 
both for terrestrial elements and for some from meteoric sources, no experi- 
ments of this sort have been made for the rarer isotopes mentioned above. 
Moreover, spectroscopic determinations of King and Birge* on the rela- 
tive abundance of C™ indicate an apparent dependence of this quantity on 
the method of excitation of the spectra. Three typical sources such as arc, 
furnace and N-type stars, the effective temperatures of which probably de- 
crease in this order, show that the abundance of C™ relative to C™ increases 
in the same order. 
The detection of rare isotopes in molecular emission spectra seems to be 
particularly difficult. King and Birge failed to find C®’ and C"N* in are spec- 


1 R. T. Birge and D. H. Menzel, Phys. Rev. 37, 1669 (1931); R. Mecke, Phys. Zeits. 33, 
49 (1932);S. Meyer, Phys. Zeits. 33, 301 (1932). 

2 Charles A. Bradley, Jr. and Harold C. Urey have investigated the relative abundance of 
the H' and H? isotopes in hydrogen samples from different sources and find that any variation 
in relative abundances is not large. Phys. Rev. 40, 889 (1932). 

3 A. S. King and R. T. Birge, Astrophys. J. 72, 251 (1930). 
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tra. Watson and Parker‘ were not able to observe the oxygen isotopes in the 
BeO emission spectra and Estey® failed to find any indication of the O", 
O'S or C® atoms in the fourth positive emission bands of CO. Almy and 
Rahrer® failed to find bands due to O'H in the OH spectrum. On account of 
these as yet unexplained difficulties, it seems that the most reliable determin- 
ation of the relative abundance can be made from absorption spectra. 

The discovery of an isotope of nitrogen of mass 15 and the determination 
of its abundance relative to N“ is due to Naudé’ who investigated the y 
bands of nitric oxide. He redetermined the abundance of O" relative to O'," 
obtaining 1075 + 110:1. He then determined the ratio of the nitrogen isotopes 
from the relative intensities of the NSO"“°P,. and the NYO’ ’Q,.4+ Ps: 
branches of the (v’, 7”) =(1, 0) band, which he states have nearly the same 
intensities. Our own investigation shows that this is not the case (see Fig. 1). 
The results of Naudé are also open to objection because even if these heads 
were of the same intensity, the N“O' "O.wtPs branch is superimposed on 
the N“O" °P,. branch, so that it is difficult or impossible to determine what 
part of the absorption is due to each molecule. The determination of Naudé 
has also been criticized by Mecke and Childs.’ Using the values of Mecke 
and Childs for the relative abundance of O"/O', Naudé’s result for NY/N® 
becomes 409+ 20 percent. Birge and Menzel have calculated from atomic 
weight considerations that this figure should be 320. 

Because of these considerations, we have thought it worth while to re- 
determine the relative abundance of the nitrogen isotopes by the methods of 
photographic photometry. Moreover, we have worked with samples of nitro- 
gen and oxygen from different sources as follows: Nitrogen: (1) from the air 
by the Haber process; (2) from the air by the Birkeland-Eyde process; (3) 
from Chili salt-peter; (4) from Pennsylvania coal. Oxygen: (5) from Pre- 
Cambrian magnetite. 

The various samples of nitrogen were selected with the objects (1) of 
search for any variation of relative abundances of nitrogen isotopes in natural 
nitrogen samples, and (2) of finding whether any variation might be pro- 
duced by the electric are used in the Birkeland-Eyde process. The latter 
possibility seemed worth testing because of the general failure to observe 
these rare isotopes in emission spectra. The oxygen sample comes from the 
Pre-Cambrian magnetite of New York State and has not been a part of the 
atmosphere of the earth since the time the crust of the earth formed according 
to the best judgment of geologists. 


PREPARATION OF NITRIC OXIDE 


Because of the variety of samples used, the method of preparation of the 
NO was different in each case. The Haber process nitrogen® was in the form 


4 W.W. Watson and A. E. Parker, Phys. Rev. 37, 167 (1931). 

5 R.S. Estey, Phys. Rev. 35, 309 (1930). 

6G. M. Almy and G. D. Rahrer, Phys. Rev. 38, 1816 (1931). 

7S. M. Naudé, Phys. Rev. 34, 1498 (1929); 35, 130; 36, 333 (1930). 
8’ R. Mecke and W. H. J. Childs, Zeits. f. Physik 68, 376 (1931). 

® Kindly furnished by The Grasselli Chemical Company. 











RELATIVE ABUNDANCES OF ISOTOPES 143 


of 60 percent nitric acid and presented little difficulty. The gas generating 
apparatus was part of an all-glass system that also contained the absorption 
cell which was mounted directly in front of the slit of the spectrograph. This 
apparatus was first thoroughly swept out with nitrogen. The nitric acid was 
then allowed to drop into a solution of ferrous sulfate and concentrated sul- 
furic acid. By gently heating this mixture, the NO gas was evolved and 
after passing through several traps containing a solid CO,-alcohol mixture 
was collected in a trap immersed in liquid air. After all the gas had been col- 
lected, this last container was closed from the generator by means of a stop- 
cock and both it and the absorption cell were evacuated. Nitric oxide was 
admitted into the absorption cell by partially removing the liquid air and 
allowing it to distill slowly until the desired pressure as read on a manometer 
attached, was reached. Gas pressures ranging from 1 to 10 cm were used, the 
most convenient pressure being about 4 cm. 

Sample 2 was in the form of “nitrate of lime.”'’ This was dissolved in hot 
water, and NaeCQ,; solution was then added to convert the calcium nitrate 
to sodium nitrate. The insoluble material was filtered off and the concen- 
trated solution of sodium nitrate was added to the FeSO,;-H2SO, mixture in 
the same way as described above. 

Sample 3 was simply dissolved in H,2Q, filtered and then added to the 
FeSO,-H.2SO, mixture. 

Sample 4 caused more difficulty as it was furnished to us in the form of 
ammonium sulfate.’ Ammonia was liberated by adding NaOH solution. 
Oxygen was bubbled through this solution and then over an electrically 
heated platinum spiral where it was converted into oxides of nitrogen. The 
gases, NO and NOs, were collected in a trap immersed in liquid air. These 
gases were then passed into the HeSO,-FeSQ, solution by means of a stream 
of nitrogen and the NO gas collected as before in a liquid air trap. 

The method for sample 5 was similar to that for sample 4. The magnetite™ 
was first broken into small pieces and the oxygen was removed in the form of 
H:,O by passing hydrogen over the mineral at about 450°C. The HO was 
collected in a trap placed in a solid CO:-alcohol mixture. After the addition 
of about 10 percent of H2SQO, it was electrolyzed in a small cell. The gases 
evolved were collected by displacement of oil from two chambers that had a 
volume ratio of 2:1 so that the hydrogen and oxygen gases were kept at the 
same pressure. After the electrolysis was finished, the oxygen was mixed with 


1 We wish to thank the Department of Chemistry of the College of the City of New York 
for supplying us with the sample of Birkeland-Eyde nitrogen. 

1! The ammonium sulfate was made from coal from the Pittsburgh seam mined in Washing- 
ton County, Pennsylvania. The coal comes from two mines Vesta No. 4 and No. 5. These two 
mines are very close to one another but differ slightly in chemical analysis. It was kindly sent 
to us by Mr. M. W. St. John of the Jones and Laughlin Steel Corporation, Pittsburgh, Penna., 
whom we would like to thank in this place. 

® The magnetite was a sample of Pre-Cambrian origin from Fort Henry, New York and 
came from the collection of the Geology Department of this University through the kindness of 
Professor Charles P. Berkey. 
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nitrogen and ammonia and the mixture was passed over the platinum spiral. 
From this point on the procedure was the same as for sample 4." 


EXPERIMENTAL METHOD 


The absorption cell was 50 cm long and 4 cm in diameter and was fitted 
with two crystal-quartz windows stuck on with deKhotinsky cement. 

A hydrogen discharge tube* was used as a continuous source of ultra- 
violet light. This tube carried about 2 amperes at 2500 volts and was con- 
stant in intensity within about 1 percent during an exposure. This was de- 
termined by means of a Moll surface thermopile placed at the back window of 
the tube. The deflections of a galvanometer connected to the thermopile 
were read continually during the time that was required to put the density 
marks on the plates. Two crystal-quartz lenses were used, one between the 
discharge tube and the absorption cell which gave a parallel beam of light 
through the cell and the second lens brought this light to a focus on the slit 
of the spectrograph. With this arrangement of lenses, a good exposure of the 
(1, 0) band could be obtained in one minute while the (2, 0) band at 2051A 
could be photographed in about five minutes. The Hilger E1 quartz spectro- 
graph was used. 

Various kinds of photographic plates were used. At first we sensitized 
Eastman 33 plates with vaseline or oil dissolved in petroleum ether. We then 
obtained an ultraviolet sensitizing solution from the Eastman Kodak Com- 
pany and used this on Eastman 33 plates. These proved quite satisfactory 
and most of the results in this paper were obtained with them. More re- 
cently, we have secured Eastman U.V. spectroscopic plates."* These have 
been even more convenient than the ones that we sensitized ourselves. 


CALIBRATION OF PLATES 


We used two methods of putting density marks on our plates. At first we 
used a quartz wedge with five steps of sputtered platinum and one clear 
step. It was calibrated directly on the spectrograph by means of the hydrogen 
tube and the method of variation of the width of the slit. Because of the ir- 
regularities on the surface of the sputtered steps and the uncertainties of the 
calibration of the wedge for a wave-length so far in the ultraviolet, we thought 
it desirable to use some other method of obtaining density marks. 

We therefore made a set of neutral wire screens.'® These screens were pre- 
pared as described by Harrison and were arranged so that they were kept in 
motion during use by means of a motor. Screens of this sort must be covered 
with CuO in order to give them a black surface. The usual method of oxidiz- 


* This tube will be described in another place. 

18 Wewish to thank Miss Pilar de Madariaga and Mr.S.H. Manian for their aid in working 
out the method and the preparation of the gas from sample 5. 

8s C,E. K. Mees, J. Opt. Soc. Am. 21, 753 (1931). 

'“ The method of making these wedges has been investigated by Professor H. W. Webb of 
the Physics Department of this University. The wedge that we used was very kindly prepared 
for us by Professor Webb with our assistance. 

6 G, R, Harrison, J.0.S.A. and R.S.I. 18, 492 (1929). 
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ing the surface by heating is not very satisfactory since the coat of CuO 
so formed is not adherent. We have found that the following method gives a 
good dull surface that is very permanent. The screens were first cleaned by 
dipping into a so-called mat solution which is used for producing a dull sur- 
face on articles that are to be electroplated. They were washed quickly and 
dipped into a boiling solution containing 1 percent potassium persulfate and 
5 percent sodium hydroxide.* After the surface was black enough, they were 
washed and dried. 

We had four screens, combinations of which would give 10 density marks. 
They were calibrated by means of the thermopile mentioned above and also 
by means of a photoelectric cell with a large tungsten lamp running on a con- 
stant source of alternating current. The results from the two methods of 
calibration are given in Table I. 


TABLE I. Transmission of screens. 





Screen Photoelectric cell 





Thermopile Average 
1 73.4 74.5 74.0 
2 45.5 45.7 45.6 
1+2 34.5 34.6 34.6 
3 32.5 32.1 32.3 
1+3 24.2 24.3 24.2 
4 17.8 17.5 17.6 
2+3 16.6 16.9 16.8 
i+4 14.6 14.8 14.7 
2+4 8.6 8.1 8.4 
3+4 6.5 5.9 6.2 








A Moll recording microphotometer was used to determine the density of 
the calibration marks on the plates and of the two isotopic band heads. Since 
the transmission of the wedge or screens was known, a curve of log 7 vs. d 
could be plotted by means of the relation 


logioO = d = log Fo/F (1) 


where O is the opacity, d is the density and Fp and F are intensities of light 
transmitted by the unexposed and exposed parts of the plate respectively. 
Moreover 

d = log go/g (2) 


where gy and g are the throws of the galvanometer for an unexposed part of 
the plate and for one of the density marks, put on through a screen whose 
transmission was known. 
The intensity of the isotopic bands could be determined by means of 
Beer's law 
log iz — log] = — kex (3) 


where 7, and 7 are the intensities of the light transmitted by a layer of gas of 
thickness x and the incident radiation respectively; k is the molecular ab- 
sorption coefficient and c is the molecular concentration. 


* See: Electro-Deposition of Metals, 9th Edition, Langbein-Brannt, p. 278, 629, New York: 
Henry Carey Baird and Co., 1924. 
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The situation in the actual case is somewhat more involved because of the 
fact that bands are sometimes superimposed and that other absorbing mole- 
cules may be present, such as NOs, for example. Then Eq. (3) must be re- 
placed by 

log (1/7) = — (kic + ke)x (4) 
where k; is the molecular absorption coefficient and kz is the absorption 
coefficient due to other molecules which may be present. We assume that 
k, is the same for the same branches of the different isotopic molecules. But 
we cannot determine the value of 7, since we do not have any point on the 
plate, where we are certain that there is no absorption due to extraneous 
molecules or superimposed bands. To avoid this difficulty we extrapolate the 
microphotometer curves as shown by the broken lines of Fig. 1. This gives an 
estimate of log i/J, if k; were zero. Then we have 


log (i/1) — log (io/T) = — (hic + ke)x + hex = — hiex (5) 
> a 


/ | 
NO 
NO’ = NO’ NvOov Neo’ NvOe  Nvows Neon 
Fig. 1. A typical microphotometer curve of the (1, 0) y-band of nitric oxide. The heads due 
to the different isotopic molecules are indicated. The full lines are the ?P,2 heads and the broken 
lines are the (?Q,.+P)2) heads. 
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where % is the intensity (extrapolated) of the light which would have been 
transmitted if the band were not present. This equation reduces to 
log (i/in) = — kicx (6) 
which is identical in form with Eq. (3). 
Since k; and x are the same for the isotopic molecules 
log (i’/i'9) — log (2”"/ io”) = c'/c” (7) 
where the primes refer to the quantities for the first and second molecules 
respectively. 
These quantities are related to throws of the galvanometer by the relation 
d = log go — log g = f(log 7) (8) 
where gp is again the throw at a clear part of the plate and g is now the gal- 
vanometer throw at a band head or the estimated throw if the band were not 
present. In all cases our densities fell on the straight line portion of the d vs. 
log 7 curve and for this region 
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d=vylogit+a. (9) 
A typical calibration curve is shown in Fig. 2. By using Eq. (9), we have 
Y log (i’/ io’) = d' — d,’ (10a) 
and 
¥ log (1"/ ig”) = d” — dy” (10b) 


where d and dy refer respectively to the density at the band head and the 
extrapolated density and the primes and double primes refer to the light and 
heavy isotopic molecules, respectively. These four points are indicated for 
a typical case on Fig. 2. 

Taking the ratio, we secure the ratio of concentrations 


















































log t’/ ig’ d’ — do’ eae 
rye = ” ” =eje (11) 

log i’’/ io d — do 

0.4 
4, 
0.3 q 4 
DENSITY 
02 "4 
A. : 
0.1 i 
0 —2 1 
08 1.0 1.2 14 1.6 18 2.0 


LOG 1 


Fig. 2. A typical log i vs. density curve. The points indicated with arrows are those obtained 
from the microphotometer curves of the spectra and used for determining the ratio. 


In this way we have compared the relative intensities of the ?Pj. branches 
of N“O'8 and NO!*, Although the N%O!* °P,». branch is superimposed on the 
NO! OP. branch, they are well separated by the spectrograph and it is 
therefore possible to estimate the contribution of each molecule to the ab- 
sorption. A typical microphotometer curve is shown in Fig. 1, where the 
eight band heads due to the two branches and the four molecules are in- 


TABLE Ii. 





Number of 





Source of sample 





microphotometer 


Ratio N®O'%/N'O!s 


curves 
Haber process 17(a) 0.54+0.05 
Coal 9(a) 0.56 +0.08 
Birkeland-Eyde 4(b) 0.52 +0.08 
Chili salt-peter 4(b) 0.56+0.09 
Haber 8(b) 0.58 +0.06 
Pre-Cambrian 6(a) 








(a) Plates calibrated by means of screens. 
(b) Plates calibrated by means of wedge. 


0.54+0.06 
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dicated. The results from the four samples of nitrogen and the sample of 
oxygen are given in Table IT. 
SOURCE OF ERROR 

The error given which is the root mean square represents only the error, 
if no systematic error is present. The possible errors are: 

(1) The lines at the head of these bands may not give a true continuous 
absorption so that Beer’s law may not hold. We have used gas pressures up 
to 10 cm of NO hoping that the lines would be somewhat broadened in this 
way. We have also added Ne up to one atmosphere total pressure for the 
same purpose but in neither case was there any essential difference in the 
appearance of the microphotometer curves. 

(2) It is not certain that there are no superimposed bands of N'O'. We 
had thought to eliminate this difficulty by working with the (2, 0) band but 
unfortunately a Si emission line from our hydrogen tube falls almost on top 
of the N“O'’ °P 1. band head. Moreover, the °P iz and ’Qi2+ P2 branches over- 
lap here so we cannot allow for the continuous background. 

Our most reliable determinations are those marked a in Table II since 
we have more confidence in the results from plates that were calibrated with 
the wire screens. The average from these thirty-two microphotometer curves 
is 0.549+0.007 for the ratio of NO'%:N¥O!'S’, Because of the difficulties 
mentioned above, this result may be in error by more than the probable error 
quoted. But it seems certain that the possible source of error mentioned under 
2 would be the same from sample to sample. Therefore, a change in the rela- 
tive abundance of the isotopes of oxygen or nitrogen would have been de- 
tected. We feel safe in concluding that the isotopic composition of nitrogen 
and oxygen in the samples investigated is constant within approximately 
+10 percent. 

Using Mecke and Child’s* value for the ratio of O':O'’ = 630:1, we get 
for the ratio of N“ to N'', the value 346:1 in satisfactory agreement with the 
ratio of 320:1 required by Birge and Menzel. This means that Aston’s value 
for the atomic weight of N“ on the basis of O'* = 16.0000 is consistent with 
the chemical value. 

We wish to thank the Physics Department of this University and Profes- 
sor H. W. Webb in particular for the use of the quartz spectrograph used in 
this investigation. We are also indebted to the Chemistry Department of 
New York University and to Mr. R. L. Garman in particular for the micro- 
photometer curves. 

Note added in proof. Herzberg (Zeits. f. physik. Chem. B9, 43 (1930)) has 
determined 800:1 for the ratio of N“* to N® from the relative exposure times 
for the second positive nitrogen bands obtained in emission in an electrode- 
less discharge. This result differs from ours in the same direction as that of 
other workers for emission spectra compared with absorption spectra. Until 
this peculiarity is explained, relative abundances of isotopes obtained from 
absorption measurements seem more certain in view of the fact that the re- 
sults in absorption make the values of Aston more consistent with the chemi- 
cal results. 
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Mass-Spectrograph Study of the Ionization and Dissociation by 
Electron Impact of Benzene and Carbon Bisulfide 


By Ernest G. LInDER* 
Cornell University, Ithaca, N. Y. 
(Received June 9, 1932) 


Benzene (CH) and carbon bisulfide (CS,) have been analyzed by a mass-spectro- 
graph designed especially for use with large molecules. In the case of benzene, ions 
have been found containing carbon in amounts from C; to C¢ with various amounts 
of hydrogen attached. The principal ion for electrons of 120 e-volts is CsH «*. No nega- 
tive ions and no H* ions were detected. Impacts of positive ions in the ionization 
chamber detach H atoms from the carbon ring, but the carbon content of all observed 
ions seems to be unaffected by such collisions. The carbon-to-carbon bonds appear to 
be more stable than in the straight-chain hydrocarbons. Carbon bisulfide was used 
principally to calibrate the mass scale, and no extensive work done on it. At a pressure 
of 9.7 X 10-* mm Hg and impacts of 120 e-volts, the ions observed were CS,*, CS*, S*, 
and Ct, 


HE only work which appears to have been done with the mass-spectro- 

graph on large hydrocarbon molecules is that of Stewart and Olson,' who 
studied the straight-chain paraffins, propane (C;Hs) and butane (C,H). The 
present work on benzene (CgH¢) was undertaken for the purpose of deter- 
mining the behavior of a typical member of another important class of 
hydrocarbons, the aromatics, which are built up of rings of six carbon atoms, 
instead of straight chains, and therefore might be expected to exhibit a differ- 
ent sort of behavior in regard to dissociation by electron impact. The ques- 
tion was of interest to the writer in connection with studies of chemical re- 
actions in electrical discharges, and that particular application of the data 
will be published in some chemical journal. 


APPARATUS AND PROCEDURE 


Large molecules introduce additional difficulties to mass-spectrograph 
technique. High resolving power at large molecular weights is necessary, 
which requires the use of strong electric and magnetic fields, and slits as 
narrow as possible. The intensity is usually low because of the narrowness of 
the slits, and also because the ions are spread out over a large number of 
peaks. Furthermore, thermal dissociation at the filament must be eliminated, 
this problem being more acute with large molecules since they are in general 
more readily decomposed by heat. 

Mass-spectrographs designed to eliminate thermal effects have been de- 
scribed by Stewart and Olson,' and Smyth and Stueckelberg.? In both these 


* Detroit Edison Research Associate. The work described in this article is a part of an 
investigation of the fundamentals of the disintegration of organic dielectrics. It is supported 
by a fund provided by the Detroit Edison Company. 

1 Stewart and Olson, J.A.C.S. 53, 1236 (1931). 

2 Smyth and Stueckelberg, Phys. Rev. 36, 472 (1930). 
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apparatuses differential pumping was employed, the gas to be analyzed being 
introduced into the ionization chamber through a capillary and pumped out 
through two narrow slits, one opening into the magnet chamber and the 
other into the filament chamber. High speed pumps kept the pressures in 
these latter two chambers extremely low. Thus high pressure gradients at the 
slits were maintained, against which it seems very unlikely that any dissocia- 
tion products formed at the filament could diffuse back into the ionization 
chamber. Thermal effects were decreased also by the use of low temperature, 
oxide-coated filaments. 

Stewart and Olson give data indicating that thermal dissociation prod- 
ucts were thus eliminated from the ionization chamber of their apparatus. 
The writer’s mass-spectrograph was closely modelled after theirs, and the 
slit dimensions and pressure ranges employed were the same. It is therefore 
unlikely that thermal dissociation has appreciably affected the data given 
here. The similarity of the two apparatuses also renders comparison between 
the results more reliable. 

For all of the data reported here a potential of 53 volts was used for draw- 
ing the ions out of the ionization chamber, the accelerating potential was 
about 515 volts. The radius of the ion path in the magnet chamber was 6.95 
cm. The pressure in the magnet chamber was of the order of 10-*> mm Hg, 
while that in the ionization chamber was varied over the range from 107% to 
80x 10-* mm Hg. This latter variation was effected, sometimes by changing 
the size of the capillary through which the gas was admitted, and sometimes 
by placing cooling baths of different temperatures around the bulb of liquid 
from which the vapor was drawn. 

The benzene was purified as follows. Kahlbaum’s thiophene free ben- 
zene was shaken six times with concentrated sulfuric acid. It was then 
washed with concentrated sodium hydroxide, with dilute sodium hydroxide, 
and finally with water until the wash water was neutral to litmus. It was 
dried over metallic sodium for 48 hours, and then distilled from the sodium. 
Then it was distilled three times, the middle fraction being taken each time. 
After being placed in the mass-spectrograph it was distilled twice in vacuum 
to remove dissolved gases. The carbon bisulfide used was Eimer and Amend’s 
C. P. It was not treated in any manner before use. 

In making the runs, the magnetic field was varied rather than the ac- 
celerating potential, on account of the unusually great mass range to be ex- 
plored. The procedure was followed of starting with zero magnetic field and 
going up to the maximum necessary without reversals. This was done in 
order to get a more uniform mass scale. Reversals would introduce irregular- 
ities due to hysteresis and residual magnetism. At best however, it was 
found extremely difficult to avoid small accidental reversals due principally 
to heating of the rheostats and magnet coils. The field also appeared to vary 
appreciably with the temperature of the magnet core. Hence in general, the 
mass scale is not quite uniform. However all uncertainty in regard to the 
masses corresponding to the great majority of the peaks is removed by the 
calibration of the scale by means of the carbon bisulfide peaks. 
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DATA AND DISCUSSION 


A typical curve showing the various ions found is given in Fig. 1. For this 
run the energy of the impacting electrons was 120 e-volts, the pressure in the 
ionization chamber was 3X10-* mm Hg, and that in the magnet chamber, 
2.7X10-*. Each peak is labeled with the formula of the ion to which it cor- 
responds. No negative ions and no H* ions were observed, in agreement with 
the results of Stewart and Olson' on propane and butane, and that of Hog- 
ness and Kvalnes* on methane. 
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Fig. 1. Ions formed in benzene (CsH¢) by 120 e-volt electrons. 


In Table I is given the variation of ion percentage with pressure in the 
ionization chamber. A considerable number of runs were made in which 
measurements were taken only on the three largest groups of ions, i.e., the 


TABLE I. Percentages of ion groups formed by electron impacts 
in benzene at various pressures. 


























lon Group Pressure (mm Hg X 10°) 
3.0 4. 31.0 
6C 71.5% 85.2% 57.0% 58.7% 
5C 1.9 1.0 4.8 6.8 
4C 16.1 9.9 21.6 23.7 
3C 6.5 3.9 7.4 7.0 
2C 3.3 0.0 4.4 1.8 
0.7 0.0 4.8 2.0 


ic 














6C, 4C and 3C groups. The ion percentages for these three groups only (on 
the basis of 100 percent for the three groups only) are plotted in Fig. 2. These 
ion percentages were all determined by measuring the areas under the peaks 
with a planimeter, and correcting for the nonlinearity of the mass scale. 
The scattering of the points in Fig. 2 is due principally to the difficulty of 
maintaining constant experimental conditions during the approximately two- 
hour period required to explore the large mass range. In spite of this scatter- 


3 Hogness and Kvalness, Phys. Rev. 32, 942 (1929). 
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ing it is quite evident that the carbon content of these ions does not vary 
markedly with pressure. Likewise the hydrogen content was found not to 
vary, with the exception of the 6C group. 

The variation of the shape of the 6C group with pressure is shown in Fig. 
3. It will be observed that the structure on the left side of the peak increases 
with increasing pressure. This indicates that impacts made by the ions in the 
ionization chamber cause H atoms to be stripped from the carbon ring. The 
small peak corresponding to the molecular weight 79, which appeared in all 
the runs, is likely due to the attachment of a hydrogen atom to the CsH¢* 
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Fig. 2. Variation of ion percentage with pressure for benzene. 
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Fig. 3. Variation of 6C peak shape with pressure. 


Attempts to determine critical potentials were unsuccessful due to low 
intensity. All that can definitely be concluded is that the appearance po- 
tential for the 6C peak is less than 40 volts. 

In contradistinction to the results of Stewart and Olson’ on normal 
paraffin hydrocarbons, the principal ion for benzene is a complete benzene 
molecule. For the paraffins, these authors found a very extensive dissociation 
into almost all possible lighter hydrocarbons, the ion corresponding to the 
entire original molecule being but a small percent of the total ions formed. 
Unfortunately they do not state the impacting energy of their electrons, but 
preliminary results of the writer’s on octane, another straight-chain hydro- 
carbon, with 120 e-volt electrons, also show this extensive breaking up of the 
molecule. Thus it appears that straight carbon chains break up under electron 
bombardment more readily than does the six carbon ring. 

This stability of the benzene ring may be partially due to the fact that in 
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order to divide a ring into two parts it is necessary to break it in two places, 
whereas to divide a straight chain into two portions it is necessary to break it 
in only one place. However the stability of benzene is doubtlessly due to other 
factors than this, since there are other six carbon ring compounds, e.g., 
cyclohexane, which are known from chemical evidence not to be nearly so 
stable as benzene. 

A similar stability of the benzene ring in comparison with the paraffins 
has long been known in chemical reactions induced by heat,‘ and in various 
types of electrical discharges.* The reactions of benzene induced by these 
agents consist principally of polymerization and condensation, i.e., of the 
building up of more complex compounds by the adding together of benzene 
ring units with or without the evolution of a small amount of hydrogen. On 
the other hand, it is known that the normal paraffins under similar experi- 
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Fig. 4. lons formed in a mixture of benzene and carbon bisulfide by 120 e-volt electrons. 


mental circumstances suffer much more dissociation, and a much larger por- 
tion of the products are of a gaseous nature than in the case of benzene; see, 
for example, the work of Linder and Davis. 

The purpose of the runs with carbon bisulfide was to calibrate the mass 
scale and thus indentify the benzene peaks. However, since this compound 
seems not to have been investigated previously the data are of interest in 
themselves. The peaks observed are shown in Fig. 4 along with the benzene 
peaks. For this run the pressure was 9.7 X10-* mm Hg. The principal ion is 
CS.*, but peaks for S+, CS+, and C+ are also present. 

In conclusion the author wishes to express his thanks to the Cornell 
Physics Department for the laboratory facilities provided, and to Professor 
Vladimir Karapetoff, who is in general charge of the above-mentioned re- 
search program on dielectrics. He wishes especially to acknowledge his in- 
debtedness to the President of the Detroit Edison Company, Mr. Alex Dow, 
and the Chief of Research, Mr. C. F. Hirshfeld, for the financial support of 
the above work and for permission to publish the results. 


‘ Hurd, Pyrolysis of Carbon Compounds, Amer. Chem. Soc. Monograph No. 50. 
§ Linder and Davis, Jour. Phys. Chem. 35, 3649 (1931). 
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Elastic Electron Scattering in Helium 


By A. L. HuGues,* J. H. MCMILLEN ANd G. M. WEBB 
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(Received June 4, 1932) 


The scattering of electrons by helium atoms was measured experimentally over 
an angular range from 15° to 150° for electrons varying in speed from 25 to 700 volts. 
The scattering curves all fall steeply with angle, especially so for the smaller angles, 
provided that the speed is above 100 volts. For speeds below 100 volts, the steep fall 
at small angles is followed by a gentle rise beginning near 90°. Within the range cited, 
no maxima in the angular scattering curves were found. The theory of Mott accounted 
for the 700 and 500 volt curves accurately over the whole range, and for the 350 volt 
curve, over the range 20° to 100°. Below 20° the experimental curve was steeper than 
the Mott curve, and above 100° the experimental curve was flatter than the Mott 
curve. As we go to lower energies, the departures from the Mott curve increase pro- 
gressively. For small angles the theoretical curve is not steep enough and for large 
angles it is too steep. The results were also compared with the theory developed by 
Massey and Mohr taking into account certain factors omitted by Mott. While the 
newer theory accounts qualitatively for the upturn in the angular scattering curve, it 
fails to give its correct shape. It is shown how atomic structure factors, or F values, 
which are employed in the theory of x-ray scattering, can be inferred from these ex- 
periments in electron scattering. 


HE scattering of electrons by helium atoms has been investigated by a 

number of physicists. Dymond and Watson,'! who studied the angle 
distribution of 210 volt electrons between 5° and 60°, established the fact that 
the scattering curves for elastic collisions were considerably less steep than 
they would have been had the scattering been due solely to the attraction 
of the nucleus of the atom for the electron passing by it. Results of the same 
general type were obtained by Harnwell,? who investigated the scattering of 
electrons at three angles, 0°, 8°, and 16°, with electron energies varying be- 
tween 75 and 300 volts. McMillen* obtained curves for the scattering of elec- 
trons by helium atoms, the angle range being from 7° to 60° and the electron 
energies varied from 50 to 150 volts. According to his results, the scattering 
curves fall off more steeply with the angle the higher the energy of the elec- 
trons. A discussion of the results obtained by McMillen, Harnwell, and by 
Dymond and Watson, and their connection with the theories put forward by 
Sommerfeld, Mott and Mitchell, will be found on page 1043 of McMillen’s 
paper. Investigations of the scattering of electrons at a fixed angle (90°), as 
the energy of the electrons was varied, have been made by Kollath* and by 


* This work was made possible by assistance to the senior author from a grant made by the 
Rockefeller Foundation to Washington University for research in science. 

! E. C. Dymond and E. E. Watson, Proc. Roy. Soc. A22, 571 (1929). 

2G. P. Harnwell, Phys. Rev. 33, 559 (1929). 

3 J.H. McMillen, Phys. Rev. 36, 1034 (1930). 

4 R. Kollath, Ann. d. Physik 87, 259 (1928). 
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Werner.® Kollath’s measurements and Werner’s measurements were for the 
ranges 1 to 36 volts, and 40 to 300 volts, respectively. A considerable exten- 
sion in the angular range was effected by Bullard and Massey® who studied 
the elastic scattering of electrons by helium, between 20° and 140° for energies 
varying from 4 to 50 volts. The new features in the scattering curves found 
by them are that, when the electrons have energies between 20 and 50 volts, 
the curves become practically flat between 90° and 140°, and that, when the 
energies are reduced below 10 volts, there is a decided rise in the curves from 
about 70° to 140°. Ramsauer and Kollath? made very extensive measure- 
ments of the scattering over a range extending from 15° to 167° for slow 
electrons (1.8 to 19.2 volts). In marked contrast to the scattering for faster 
electrons (e.g., above 50 volts), they found but little scattering at small an- 
gles (0° to 30°), then a gradual rise to a maximum (at 90° for 19 volt-elec- 
trons, and at 110° for 1.8 volt electrons) and after that a slow decrease. The 
theoretical papers which we have found useful in discussing our experimental 
results are those of Mott’ and of Massey and Mohr.?® 

Mott’s theory leads to the result that the number of electrons scattered 
elastically at any angle should decrease monotonically with increasing angle. 
However, Arnot"? found that in many cases this was not true; the scattering 
curves fall steeply as the angle is increased to somewhere between 70° and 
100°, but for larger angles the curves often pass through weil-marked maxima 
and minima. These maxima and minima fade out as the speed of the electrons 
is increased. Now the speed at which these maxima and minima fade out ap- 
pears to be higher, the greater the atomic number of the atom under investi- 
gation. It would appear therefore that the maxima and minima should vanish 
at comparatively low electron energies when helium is used to scatter the 
electrons. As Arnot did not include helium in his comprehensive study of 
electron scattering in gases and as Bullard and Massey did not use electrons 
of energy higher than 50 volts, it appeared to be very desirable to make a 
study of electron scattering in helium over a wide range of energies and an- 
gles. 

EXPERIMENTAL METHOD 


The method of measuring the scattering of electrons by helium was very 
much the same as that employed by us in our studies of scattering in argon"! 
and in hydrogen.” However, a new apparatus was constructed in which the 
analyzer and the collision chamber were made small enough to allow both of 
them to be put inside a glass tube 4.25 inches in diameter, so that they could 
be well outgassed if necessary. The new apparatus was designed chiefly to 
allow us to investigate another aspect of the general problem of scattering, 

§S. Werner, Proc. Roy. Soc. A134, 202 (1931). 

* E. C. Bullard and H.S. W. Massey, Proc. Roy. Soc. A133, 637 (1931). 

7 C. Ramsauer and R. Kollath, Ann. d. Physik 9, 756 (1931); 12, 529 (1932). 

8 N. F. Mott, Proc. Roy. Soc. A127, 658 (1930). 

*H.S. W. Massey and C. B.O. Mohr, Proc. Roy. Soc. A132, 605 (1931); A136, 289 (1932). 

10 F, L. Arnot, Proc. Roy. Soc. A133, 615 (1931). 

" A. L. Hughes and J. H. McMillen, Phys. Rev. 39, 585 (1932). 

2 A. L. Hughes and J. H. McMillen, Phys. Rev. 41, 39 (1932). 
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but it happened also to be very suitable for investigation of elastic scattering 
in helium. A detailed description of the apparatus is postponed to a later 
paper. Pure helium was prepared by passing helium from a tank through char- 
coal in liquid air into a reservoir. From the reservoir the helium passed 
through a fine capillary tube and then through another tube of charcoal in 
liquid air into the apparatus, from which it was pumped out continuously. 
It was possible to use pressures as high as 0.02 mm because of the two factors 
which worked together, (1) the small dimensions of the apparatus and (2) the 
long mean free path of electrons in helium. 

The experimentally-measured scattering coefficients are given in Table I. 
By the scattering coefficient we mean, as in our previous papers, the number 
of electrons scattered in a direction 6 from that of the original beam, through 
unit solid angle, per unit length of path of the original beam, per single elec- 
tron in the beam, per single atom in unit volume. 
TABLE I. Scattering coefficients X 10**°, 








700 volts 500 volts 350 volts 200 volts 
i 1597.0 9.5° 1195.0 33° 2088 .0 11° 3192.0 
9.5° 1307.0 52° 1047 .0 16° 1183.0 13.5° 2367 .0 
12° 914.0 eg 467.0 2t° 717.0 16° 1930.0 
“7° 541.0 i 284.5 26° 469.0 21° 1285.0 
iy 272.0 37° 148.2 31° 334.0 26° 728.0 
ti 182.0 47° 60.5 41° 160.0 31° 624.0 
37° 65.8 fig 30.76 =y° 90.1 41° 292.3 
47° 30.7 67° 15.88 61° 53.1 53° 176.6 
is 15.5 yg 11.41 ig 36.7 61° 113.9 
ty 8.12 87° 6.14 81° 23.4 a 82.0 
87° 5.10 107° 5.56 91° 27.1 gi° 55.85 
102° 3.97 127° 4.36 106° 8.3 91° 50.4 
117° 3.56 137° 2.87 136° 7.4 101° 39.45 
132° 3.44 147° 1.51 151° 8.4 111° 31.65 
147° 1.54 323° 29.00 
131° 28.50 
141° 27.9 
151° 25.8 
100 volts 75 volts 50 volts 25 volts 
14° 3121.0 7” 3010.0 12° 3570.0 15° 2430.0 
19° 2097 .0 > 2145.0 7° 2505 .0 20° 1852.0 
24° 1550.0 ei 1547.0 rf yg 1732.0 25° 1325.0 
29° 1055.0 37° 844.2 r+ hg 1320.0 35° 1012.0 
39° 660 .2 47° 557.0 37° 827.0 45° 791.0 
49° 451.0 57° 402.0 47° 615.0 55° 693.0 
59° 307.5 67° 301.0 57° 410.2 65° 588.0 
69° 201.5 i 233.0 67° 347.5 75° 560.0 
74° 169.7 87° 189.0 rE i 280 .2 85° 513.0 
79° 159.7 97° 159.2 87° 242.0 95° 513.0 
g9° 116.8 117° 160.5 97° 208 .0 105° 523.0 
99° 103.2 127° 161.0 107° 205.0 115° 545.0 
109° 100.2 137° 162.0 117° 205 .0 125° 576.0 
119° 86.0 142° 159.5 127° 214.5 135° 609.0 
129° 85.4 147° 174.0 137° 222.2 
139° 83.7 142° 210.7 
149° 74.8 











The results are also shown graphically in Figs. 1 and 2. Two diagrams are 
necessary to avoid undesirable crowding of the curves. The heavy black lines 
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are the smoothed experimental curves and the experimental points through 
which they were drawn are indicated in an appropriate manner. When the 
heavy line is continuous it means that the experimental curve coincides with 
Mott's theoretical curve. When the heavy line is broken, it indicates that 
Mott's theoretical curve and the experimental curve no longer coincide. In 
this case the theoretical curve is shown as a light continuous line.: Finally, 
where comparison is possible with the recent theoretical curves of Massey 
and Mohr," these theoretical curves are indicated by a light broken line. The 
Mott curves are given by the formula 


a(0, v) = [(e?/2mv*)(Z — F) cosec? 6/2]? 
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Fig. 1. Scattering of electrons by helium atoms. Angular distributions for 700 to 50 volt 
electrons. Heavy continuous lines: for experimental curves coinciding with Mott's theoretical 
curves. Heavy broken lines: for experimental curves not coinciding with Mott's theoretical 


curves. Light continuous lines: Mott's theoretical curves. Jnset: Magnified diagram for the 
range 60 to 150 degrees. 


where e, m, v are the charge, mass, and velocity of the electron, Z the atomic 
number of helium, @ the angle of scattering and F the atomic structure factor. 
F values for use in computing the formula were kindly supplied to us by Mr. 
Mott. Since then, they have been published in a paper by James and Brind- 
ley.“ It was found that the 700 and 500 volt experimental curves fitted 

‘8 H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. A132, 605 (1931); A136, 289 (1932). 


4 R. W. Jamies and G. W. Brindley, Phil. Mag. 12, 81 (1931). The F values above 1.14 


were obtained by extrapolation according to the method outlined by D. K. Froman (Phys. Rev. 
36, 1339 (1930)). 











158 A. L. HUGHES, J. H. McMILLEN AND G. M. WEBB 


Mott's formula exactly over the whole range. It will be seen that there is a 
slight departure from Mott's formula for the 350 volt curve at small angles 
and at large angles. For angles between 20° and 100° the coincidence is good. 
As we go to lower energies, the departure from the Mott formula becomes 
more and more marked. We do not show the Mott curve for the smallest 
electron energies, because the disagreement becomes too great to allow us to 
regard the theory as more than a very rough approximation to the experi- 
mental facts. 
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Fig. 2. Scattering of electrons by helium atoms. Angular distributions for 100 to 25 volt 
electrons. J/eavy continuous lines: experimental curves. Dots: our experimental points. Circles: 
Bullard and Massey's experimental points (for the 50 and 25 volt curves only). Light continuous 
line: Mott's theoretical curve (for 100 volts). Light broken lines: Massey and Mohr’s theoretical 
curve (for 25, 50 and 100 volts). 


It should be emphasized that all the experimental curves and all the Mott 
curves shown in Figs. 1 and 2 are accurately drawn to the same scale. There 
was but one arbitrary adjustment (since our experimental arrangement did 
not give us accurate absolute values) and that was to make the 700 volt ex- 
perimental curve fit the corresponding Mott curve. (The scattering coeffi- 
cients, given in Table I, are obtained in this way.) When this was done it 
was found that the 500 volt curves fitted each other and that a departure 
from a perfect fit began to be discernable for 350 volts. The character of the 
departure of the experimental curves from the Mott curves is always of the 
same kind (at least down to 50 volts): the experimental curve is always 
steeper at small angles and always flatter at large angles. Moreover, the 
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experimental and theoretical curves cut each other twice as is evident from 
the diagrams; alternatively, at two points for each electron speed the Mott 
formula happens to give just the right value for the scattering. 

In Fig. 1, an enlargement of the curves, for the region above 60°, is shown 
in the inset. In Fig. 2 we have assembled the experimental results and the 
theoretical curves for the lower electron energies. The 50 volt theoretical 
curve is taken from the more recent paper of Massey and Mohr™ and the 
25 volt theoretical curve is an interpolation between the curves they give for 
20 and 30 volts. The 100 volt theoretical curve attributed to Massey and 
Mohr is taken from their earlier paper, as they do not give a 100 volt curve in 
their later paper. This procedure is of course open to question, since they 
believe that the method of calculation developed in the second paper is more 
dependable than the one used earlier. 

In view of the fact that theoretical physicists are continually improving 
their methods of calculating electron scattering, it is therefore desirable to 
discuss briefly the accuracy of the experimental curves. The work of Bullard 
and Massey” overlaps our work in the region between 25 and 50 volts. We 
have therefore superposed their values on the corresponding curves in Fig. 2. 
It is clear that the agreement is very satisfactory. When one considers how 
different their experimental arrangements were from ours, one may now feel 
confident in assuming that both sets of results are free from serious error 
arising in some way or another from the peculiarities of the apparatus. Al- 
though we did not investigate the scattering for electrons moving with speeds 
less than 25 volts, it is possible to make the same sort of comparison between 
the results of Ramsauer and Kollath and those of Bullard and Massey in the 
region below 20 volts. Both investigations agree well as to the shapes of the 
10 and 20 volt curves. However, there is no agreement between their 4 volt 
curves; all we can find in common between them is an upward trend as we go 
from 50° to 120°. The final conclusion to be drawn from the comparisons 
discussed in this paragraph is that, over the range 10 to 50 volts, the experi- 
mental angular distribution curves now available may be regarded as fairly 
exact, and free from systematic errors due to the particular type of apparatus 
used. This conclusion is based on the significant fact that there is very satis- 
factory agreement between the final results, where they overlap, although 
each investigation was carried out with an entirely different type of appara- 
tus from that used in the other two investigations. 

Our results were compared with those of Werner."* It will be remembered 
that Werner measured the scattering of electrons by helium, at a fixed angle 
90°, and varied the energy of impact of the electrons. To effect a comparison, 
we measured the number of electrons scattered, at a fixed angle 37°, as the 
electron energy was varied from 25 to 700 volts. (This, incidentally, was the 
method whereby the relative magnitudes of the experimental curves in Figs. 1 
and 2 were determined.) Then, using our experimental curves shown in Figs. 
1 and 2, we calculated the relative scattering, at 90°, of electrons having 


% E. C. Bullard and H. S. W. Massey, Proc. Roy. Soc. A133, 637 (1931). 
18S. Werner, Proc. Roy. Soc. A134, 202 (1931). 
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speeds ranging from 25 to 700 volts. The results were in very satisfactory ac- 
cord with those given by Werner. 

Werner concluded that Mott’s theory held for electron scattering by he- 
lium atoms so long as the electron energy was above 100 volts. This is true 
for the angle at which he worked, viz., 90°, but an examination of Fig. 1 sug- 
gests that the conclusion has no particular significance, for it so happens that, 
at 90°, for 100 volt-electrons, the experimental curve and the Mott curve 
cross each other. Had any other angle been chosen the conclusion would have 
been such as to exclude 100 volt electrons from the generalization. From the 
curves shown in Fig. 1, we should be entitled to conclude that Mott's theory 
adequately describes the scattering of electrons at 90° so long as their energy 
exceeds an amount somewhere between 200 and 350 volts. 
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Fig. 3. Comparison of experimental scattering coefficient with values for a pure inverse 
square law scattering. Continuous line: graph of cosec ‘0/2. Dots: experimental points for 500 
volt electrons, 


Mott’s formula for electron scattering by atoms may be expressed in 
terms of uw, or in terms of v and @, as follows, 


a(v, 0) = [e?/2mv*(Z — F) cosec? 6/2 |* (1) 
or, 
a(u) = [(e%m/2h2)(Z — F)(1/u2) 2 (2) 
where 
mw = [sin (0/2) ]/A, and A = h/mo. 


If the electrons within the atom contribute nothing at all to the scattering, 
the atomic structure factor F would be zero and the formula would then de- 
scribe the scattering by a bare nucleus (Rutherford scattering, nuclear scat- 
tering, or inverse square law scattering). Now F is a function of » which 
diminishes as uw increases, so that above a certain value of yu, F is negligible 
in comparison with Z. Evidently the larger y is, (or, the larger @ is for a given 
electron speed), the more closely does the scattering approach Rutherford 
scattering. This is well illustrated in Fig. 3, which shows how closely the ex- 
perimental points for 500 volt-electrons fit a cosect 0/2 curve (Rutherford 
scattering), so long as the angles are greater than about 70°. Below this 
angle, it is necessary to use the Mott theory to describe the experimental re- 
sults. This means that we can no longer neglect F in comparison with Z in 
the formula. 
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We may here recall the parallelism between Mott’s theory of electron 
scattering and the theory of x-ray scattering. Eq. (2) can be resolved into 
two factors, [(e2m/2h?)(1/u?) |? which measures the scattering by the nucleus 
per unit nuclear charge, and (Z — F)? which gives the effective nuclear charge. 
Here Ze is the total nuclear charge, whose full effect is diminished by the 
presence of the electrons within the atom by an amount which is measured 
by F, the atomic structure factor. F depends on the number of electrons 
within the atom and the way in which they are distributed. The formula for 
the scattering of x-rays by gaseous atoms is 


, 2 Fr é& \*/1 + cos* 
a(@,s) =(F2 4+ —) = =). (3) 
Z mc" 2 


If we retain only that part associated with coherent scattering, that is, the 
part most directly comparable with the elastic scattering of electrons, we 


have left 
a(6, 4) = (F?)(e?/mce?)?(1 + cos? 6)/2. (4) 


Here the factor (e?/mc*)*(1+ cos? @)/2 denotes the Thomson scattering per 
single free electron, and the factor F? may be regarded as the effective number 
of electrons in the atom. Thus, in both x-ray scattering and electron scatter- 
ing, the way in which the electrons are distributed in the atom leads us to the 
notion of an effective number of electrons which is measured by F the atomic 
structure factor. If all the electrons were concentrated at the nucleus, F 
would equal Z the total number of electrons within the atom, but because 
they are distributed over a finite volume the phase differences between the 
scattered waves for each electron lead to a value of F necessarily smaller 
than Z. 
It is instructive to change Eq. (2) into 


wu? [o(u) ]'°(2h?/e?m) = (Z — F). (3) 


If we replace the theoretical scattering coefficient a(u) by the experimental 
values J.xp, and then plot y?[J x,» ]'2(2h?/e2m) against wu, we ought to get a 
graphical representation of Z — F. This is done in Fig. 4. If the F were always 
negligible in comparison with Z, then of course the graph would be a horizon- 
tal line parallel to the x-axis, whose height would be given by Z. The fact 
that it is not, indicates that F is, over a large range of u's, of the same order 
of magnitude as Z. Indeed, we could say that the points plotted in Fig. 4 
determine the atomic structure factor for helium atoms by means of electron 
scattering data. The heavy continuous line in Fig. 4 is a plot of (Z— F) using 
the F values calculated by James and Brindley. (The light continuous line 
is a plot of F values obtained from x-ray data by Wollan" and Herzog"’.) 
The ordinates of the F curve and the Z — F curve add up to Z as they should. 
The coincidence of the experimental points with the continuous line, over the 
range 4.=0 to u=1.1, of course shows that the Mott formula, in conjunction 


17 E.O. Wollan, Rev. Mod. Phys. 4, 205 (1932). 
18 G. Herzog, Zeits. f. Physik 70, 590 (1931). 
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with James and Brindley’s F values, is adequate to describe electron scat- 
tering by helium atoms when the electron energy is not too low. It will be 
noticed that the experimental points for uw greater than about 1.1 are very 
irregularly distributed. This comes about from the peculiar way in which 
Fig. 4 involves the experimental results. Where the experimentally-measured 
quantities are small and difficult to measure accurately, the corresponding or- 
dinates in the figure are large, but where they are large and easy to determine 
with precision the corresponding ordinates are small. Figs. 1 and 3 afford a 
fairer test of the relative accuracy of the results over the whole range of angle 
than does Fig. 4, but of course they do not bring out in so explicit a manner 
the shape of the curve showing the atomic structure factor as a function of wu. 

The failure of Mott’s theory to account for the experimental results when 
the electron energies are low has been attributed to the neglect of certain fac- 
tors in the theory which are important only when the energies are relatively 
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Fig. 4. Atomic structure factor for helium from electron scattering data. Heavy continuous 
line: From Mott’s theory. Dots are experimental points. Light continuous line: F values accord- 
ing to Wollan. 


low. Such factors are the distortion of the electron wave by the atom it passes 
over, electron exchange, and polarization of the atom by the electron. Massey 
and Mohr,? in the second of the papers referred to, computed the scattering 
when electron exchange and the distortion of the electron wave are taken into 
account. The calculations are difficult, and certain approximations have to 
be made in order to arrive at results. In Fig. 2 we show their 25 and 50 volt 
curves along with our experimental curves. It must be admitted that the 
agreement between theory and experiment is far from satisfactory. The up- 
turn in the 25 volt curve is accounted for qualitatively by theory, but not 
the one in the 50 volt curve. There is also a serious difference at small angles 
(below about 50°) where the experimental curve is far steeper than the theo- 
retical. In Fig. 2 we show the experimental curve for 100 volt-electrons, the 
Mott curve and the Massey and Mohr curve. (The Massey and Mohr curve 
for 100 volts is taken from their earlier paper in which they consider electron 
exchange effects, but not distortion of the electron wave. They do not give a 
100 volt curve in their later paper.) It seems that, for 100 volt-electrons, the 
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original Mott theory gives a somewhat better agreement with experiment 
than does the theory of Massey and Mohr, although the latter theory takes 
into account the exchange effect which was supposed to be a cause of the de- 
viation between the Mott theory and experiment. 

It will be noticed that nowhere do we find a maximum in the scattering 
curves, although it is possible that one may be found at an angle greater than 
150° for the low velocities. This is in qualitative accord with the results of 
Arnot, which indicate that the maxima in the scattering curves at large 
angles were more marked the greater the atomic number of the scattering 
atom. 

We should like to thank Professor G. E. M. Jauncey and Dr. G. G. Harvey 
for information they have supplied to us in connection with the atomic struc- 
ture factors. 
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The Infrared Dispersion of Carbon Dioxide 


By HvucH M. SMALLWoop 
Mallinckrodt Chemical Laboratory, Harvard 


(Received May 31, 1932) 


The term in the dispersion equation of carbon dioxide corresponding to the bend- 
ing vibration (A= 14.91,) has been calculated from the assumption that this dispersion 
is due to interaction of the electric vector of the light wave and the permanent dipole 
moments associated with the carbon-oxygen valence bonds. The calculation indicates 
a magnitude of 1.17 X10~'* e.s.u. for these dipoles, which is shown to be in agreement 
with the value to be expected from the measured moment of acetone. 


HE experimental data on the refractive index of carbon dioxide, com- 

prising a range from 1800A to 13u, have been collected by Fuchs! and 
represented by a four-term dispersion equation, corresponding to the two 
ultraviolet and two infrared absorptions of the molecule. The term which 
takes account of the far infrared absorption is found by Fuchs to equal 
8.1742 X 10°!/ (vo? —v?). When this empirical value is equated to the usual ex- 
pression for dispersion (Ne?f/27m), it is found that one must assume a value 
for the effective number of dispersion electrons f equal to 0.121. This result 
indicates the desirability of expressing the phenomenon in a somewhat differ- 
ent manner. 

The properties of carbon dioxide have been shown to be best represented 
by the assumption of a symmetrical linear molecule.2 The normal mode of 
vibration of this model, to which the far infrared absorption is ascribed, is a 
motion of the nuclei perpendicular to the line of symmetry (Fig. 1). Since this 
frequency is optically active, and since the resultant electric moment of the 
molecule is zero, it must be supposed that there is a permanent moment 
associated with each of the valence bonds, as shown by the heavy arrows in 
Fig. 1. This is, of course, also to be expected from the results of numerous 
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Fig. 1. 


measurements of dipole moments of organic molecules. When placed in an 
oscillating electric field, this molecule will execute forced vibrations due to the 
couples exerted upon the dipoles. These forced vibrations result in a distortion 
of the molecule such that there is an average induced moment in the direction 
of the electric field. According to the present interpretation, it is this induced 
moment which is responsible for the infrared dispersion. 


1 O. Fuchs, Zeits. f. Physik 46, 519 (1928). 
* See, for example, K. W. F. Kohlrausch, Der Smekal-Raman-Effekt, p. 178, Berlin, 1931. 
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Consider a set of axes fixed in the molecule so that the carbon nucleus is 
stationary and at the origin, and the Y axis coincides with the line defined by 
the oxygen nuclei when at rest. The free vibration may then be compounded 
from one in the X Y plane one in the YZ plane. Since the displacements are 
assumed to be small, the equations of motion for these component vibrations 
are 

me + 42°y.?mix = 0 \ 


M2 + 42%,%hiz = 0 § 


(1) 


where i is the relative mass (2m,m./2m,+m_) and vo is the normal frequency 
of this mode of vibration. Let the molecule be subjected to the action of a 
beam of plane polarized light arbitrarily directed so that the direction cosines 


of the electric vector (at t=0) are a, 8, y. Then 
E = af, BE, yE \ (2) 
E = Ey exp [2riv(t — r/w). } ~ 


The electrostatic potential energy of the molecule is 
e = — (wiE) — (wE). (3) 


Since it is assumed that w; and uw: are directed along the lines joining the car- 
bon nucleus with the two oxygen nuclei, and since w,; and we are assumed to 
have the same magnitude (yz), 
u=- ux/d, —_ u(1 > x/d = z/d), ™ us/d i] (4) 
ue=—px/d, pl—x«/d—32/d), —us/d J 
where x and z are the displacements of the oxygen nuclei in the X¥ and Z 
directions, respectively, and d is the carbon oxygen internuclear distance. 
Substituting Eqs. (2) and (4) in (3), it follows that 


€ = 2wE(ax + yz)/d. (5) 


From this equation may be obtained the X and Z components of the im- 
pressed force leading to the following equations for the forced vibration: 





ME + 42°v?ix = — 2wEa/d ) 6) 

Mi + 4x°v2ms = — wEy/d; § . 

x = — 2pEa/4r*iid(vo? — v?) \ (7) 

z= — 2wEy/4x°iid(vo? — v?). f 

The moment induced in the direction of the field is 
1 
wi = 5 mE) + (ueE) ]. (8) 
Upon substituting Eqs. (2), (4) and (7) in Eq. (8), it is found that 
2 
wE . 
; = + 2 ° 9 
‘ r’md?(vo? — ih ' ) 


This expression must be averaged over all possible directions of E, that is, 
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over all possible values of a and y. Since the average of the square of the 
cosine is 3, the polarizability per molecule is 





2 
Bi ~K 
Se eee + (10) 
E 3xr-md*(vo" — v*) 
The dispersion follows at once from the familiar expression 
n—1= 27Nu;,/E (11) 


where x is the refractive index and NV the number of molecules per cc. From 
Eqs. (10) and (11) it follows that the coefficient of 1/ (vy? —v*) appropriate to 
this type of polarization is 
C = 4Ny2/30md?. (12) 
All of the quantities appearing in the expression for C are known with the 
exception of uw, the moment of the C=O bond in COg. Setting C equal to 
8.17 10"! (Fuchs’ value) and solving for uw, one obtains® 1.17 10-'*. This 
value is about what one would expect for the moment of the double bond unit- 
ing carbon and oxygen. The simplest molecule available for the measurement 
of the C=O moment is acetone, 
HCN. _ 


= O, 
H,;,C— 


the resultant moment of which ist 2.80107". 

There is some uncertainty in the magnitude of the moment to be ascribed 
to the CH bond, but this quantity is probably not far from 0.5107’. 
Since this moment is directed from carbon to hydrogen, and since the 
C=O moment is directed from oxygen to carbon, the latter dipole must 
equal 2.2 10-'’, if one assumes the group moments to be directed along the 
tetrahedral valence bonds. This value cannot, however, be compared directly 
with the moment in CQO, for two reasons. In the first place, the figure 2.2 
X 10-'§ includes the moment induced in the two CC bonds of acetone by the 
CH and CO moments. This induced moment has the same direction as the 
CO moment so that the latter quantity must be less than 2.2x10-'*. Sec- 
ondly, in CO, the two dipoles are so oriented that each lessens the other by 
induction. The extent of these two effects cannot be calculated for these mole- 
cules, but the results obtained for some substances that can be treated® indi- 
cate that the decrease due to each effect should be about 0.4—0.5 K 107". 
Taking into account the induced moments, therefore, leads to the conclusion 
that the C=O moment calculated from the infrared dispersion is about what 
one would expect from the measured moment of acetone. 

In conclusion, I wish to express my thanks to Professor kK. F. Herzfeld 
for pointing out the opportunity for this calculation, and to Professor Linus 
Pauling for a suggestion which has proven valuable in the procedure used. 


3 d has been set equal to 1.15A, cf. W. V. Houston and C. M. Lewis, Phys. Rev. 37, 227 
(1931). 

*C. P. Smyth, Dielectric Constant and Molecular Structure, p. 193, Chemical Catalog Co., 
1931. 

5 H. M. Smallwood and K. F. Herzfeld, J. Am. Chem. Soc. 52, 1919 (1930). 
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The Band Spectrum of Sulphur Monoxide 


By Emmett V. MartTIN 
University of California, Berkeley, California 
(Received May 16, 1932) 


The spectrum of SO, which lies in the region 2400-4000A, has been photo- 
graphed in the 2nd order of a 21-foot grating. The wave-numbers of the lines of the 
seven bands, (0,4), (0,5), (0,6), (0,7), (0,8), (0,9), and (1,4), are tabulated. 

Rotational structure.—The analysis of the rotational structure leads to the as- 
signment of the band system to a *%, *E electronic transition, and yields the follow 
ing values of the constants: 


r.' =1.769 X10-§ cm r.’’=1.489 x 10-5 cm D,.’ =—1.280 X10 cm™ 
T.’=55.10 X10-" gr.cm? = J,’ = 39.02 X 10-*° gr. cm? B’ = —3.56X10-%° cm" 
B.’ =0.5020 +0.0005 cm ~=B,’’ =0.70894 +0.00009 cm™ =—D,’’= — 1.129 X 107% cem™ 
a,’ =0.0062 cm™ a.’’=0.00562 +0.000013 cm™ =p’ = — 3.20 XK 10-" cm™ 


Spin fine-structure. The triplets are resolved for K >30 and for K <13. However, 
due to overlapping of the different branches, the resolution for K <13 could be ob- 
served well in the (0,8) band only. It was found that, in order to represent adequately 
the observed separations of the triplets, it was necessary to modify somewhat the 
equations in Kramers’ theory of spin tripling in *S states. The equations which best 
respresent the data are: 

A: =A —B/(2K+3)—(y’- 7" )(K+1) 

A23=A+B/(2K—-1)+(7'— 7") K 
where, for the (0,8) band, A = —2.11, B= —10.83, and (y’—y’’) = +0.0150. Of these 
three constants, A is the only one which is different for different bands; it ranges 
from —1.97 for the (0,4) band to —2.19 for the (0.9) band. We cannot determine 
which one, if either, of the two terms, A and B, represents the value of 3(e’—e’’) in 
Kramers’ theory. The values of 4: F\(K) and A.F3(K) indicate that y’~+0.017 and 
that y’’~ —0.003. 

Predissociation and perturbations. Bands with v’ =0, 1, 2, and 3 are observed to 
break off at K’=66, 53, 39, and 6, respectively. No bands with v’>3 are observed. 
This effect is explained as predissociation, and is assumed to be caused by a “II state. 
Not only do the rotational levels for different v’ end at different values of K’, but also 
the term value at which the break occurs decreases with increasing v’. If the potential 
energy curve for the ‘II state is assumed to have a shallow minimum, a satisfactory 
explanation of the effect of rotation on predissociation is obtained by an application 
of Oldenberg’s theory of dissociation by rotation. A further indication that the “Il 
potential energy curve has a shallow minimum is given by the observed perturba- 
tions of the rotational levels of the upper *S state. According to our interpretation, 
the term value at which the rotational levels for v’=3 terminate corresponds to disso- 
ciation of the normal state of the SO molecule. The energy of dissociation of this 
state, measured from the v’’=0 vibrational level, is calculated to be 5.053 +0.001 
volts. 

Vibrational structure. The origins of several bands of the v’=0 progression are 
calculated, and the vibrational constants of the lower state determined from them. 
Since the bands with v’>1 are too much perturbed to permit an analysis of their rota- 
tional structure, it was necessary to use measurements of band heads to determine 
the vibrational constants of the upper state. The constants obtained are: w,'’ = 1123.73 
+0.24 em™, x,'’w,’’ =6.116 +0.017 cm™, w.’ = 628.7 cm™, and x,’w.’ =5.65 cm™. 
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I. INTRODUCTION 


HE sulphur monoxide band spectrum, which appears in the region 4000 

to 2400A, was first described in 1906 by Miss Lowater.! A more complete 
study of this spectrum was made in 1924 by Johnson and Cameron,? who 
arranged the bands in series. In 1929, Henri and Wolff® photographed this 
system with a quartz-prism Littrow spectrograph, made the vibrational anal- 
ysis, and assigned the spectrum to the molecule SO. As shown below, there 
is good evidence that their assignment of vibrational quantum numbers is 
correct; hence it has been used in this work. Because of insufficient dispersion, 
however, they were able to make only a partial analysis of the rotational! 
structure. From the average second differences of the frequencies of the un- 
resolved P and R series in a number of bands with v’ =0, they evaluated the 
constant a’’, which is defined by the relation :** 


B,"" a B.” _ al (vy! 4 1), (1) 
In order to determine B,’’, they then substituted a’’ into the equation: 
awe! aes 6B,'” (2) 


where w,’’ is the frequency of vibration for infinitesimal amplitude; w.’’ was 
known from the analysis of the vibrational structure of the system. 

Eq. (2) results from a special form‘ of the function assumed by Kratzer*® 
for the potential energy of a diatomic molecule. This function can be written: 


U = 2k(3 — 1/p + 1/2p? — csk* — cat), (3) 
where p=r/r., £=p—1, and k, c3, and cy are constants. It can be shown that? 
C3 = 3(aw,./6B.2 — 1), and cy = (xw./3B. — 1) — $5c3(c3 + 2), (4) 


where x.w, is the coefficient of the second degree term in the expression for the 
vibrational term values. If cz; and cy are set equal to zero, Eq. (2) follows. 
Birge® has calculated the values of cz; and cy, for the electronic states of a 
number of different molecules, and has found that, if they are neglected as in 
Eq. (2), values of B, are obtained which are in some cases in error by as much 
as 50 percent. Therefore, it seemed likely that the value of B.’’ given by Henri 
and Wolff represented only the order of magnitude of the correct value. 
Henri and Wolff concluded that the band structure consisted of a Q 
branch only, the lines of which were narrow multiplets. This type of struc- 
ture appeared to be in marked contrast with that of the known band systems 


1 Frances Lowater, Ast. Jour. 23, 324 (1906). 

2 R. C. Johnson and W. H. B. Cameron, Proc. Roy. Soc. A106, 195 (1924). 

3'V. Henri and F. Wolff, Jour. Phys. Rad. 10, 81 (1929). 

4a The notation used in this paper is that agreed upon by leading spectroscopists, as re- 
ported by R. S. Mulliken, Phys. Rev. 36, 611 (1930). 

4 W. Weizel, Handbuch der Experimentalphysik, Erginzungswerk, Band I, (1931). A.E 
Ruark and H. C. Urey, Atoms, Molecules, and Quanta (1930). 

5 A. Kratzer, Zeits. f. Physik 3, 289 (1920). 

6 R. T. Birge, Unpublished work. 
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of O,7'5 and S.° which lie in the same spectral region as the SO bands. Since 
these systems of O2 and S, are quite similar, in that both result from the same 
type of electronic transition, it was expected that this system of SO would also 
have similar characteristics. In view of these uncertainties, it was considered 
to be of value to obtain new spectrograms under higher dispersion in an at- 
tempt to obtain unambiguous values of the molecular constants, and to clarify 
the apparently anomalous rotational structure. 


II. EXPERIMENTAL PROCEDURE 


In the investigation by Henri and Wolff, the spectrum was excited by 
passing a spark discharge between small aluminum rods in a quartz bulb con- 
taining SO, at a pressure of 30-40 mm. A quartz window was placed close to 
the spark to avoid the absorption by SO, which occurs in the same spectral 
region as the SO bands. This method had the disadvantages that an exposure 
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Fig. 1. Upper; diagram of the quartz discharge tube. The light was taken from the side of 
the constricted (}’’ diameter) portion of the tube. Lower, schematic diagram of the electrical 
circuit. The leads marked T connect to the discharge tube. 


of several hours was required even with a quartz spectrograph, and that it 
was necessary to interrupt exposure frequently in order to remove deposits of 
sulphur from the window and to allow the tube to cool. 

A diagram of a discharge tube which does not have these disadvantages is 
shown in Fig. 1. This tube was constructed entirely of quartz, and was con- 
nected to the glass system by means of the wax seals shown. These seals were 
far enough removed from the discharge so that they were not overheated. The 
electrodes were heavy aluminum cylinders. A P.O; drying tube, a liquid-air 
trap, and a two-liter flask comprised the remainder of the system. SO, was 
taken from a tank and frozen in the liquid-air trap; the system was then evac- 
uated and allowed to fill with SO, to a pressure of about 20 mm. The two 
liter flask was necessary as a reservoir, because, even with this much volume. 

7 W. Ossenbriiggen, Zeits. f. Physik 49, 167 (1928). 


8 W. Lochte-Holtgreven and G. H. Dieke, Ann. d. Physik 3, 937 (1929). 
*S. M. Naude and A. Christy, Phys. Rev. 37, 490 (1931). 
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the pressure in the system would fall several millimeters in an hour, due to the 
removal of SO, by the deposition of sulphur on the walls of the tube and to 
the oxidation of the electrodes. The SO, could then be replenished from the 
liquid-air trap supply. 

If the light was taken from the side of the constricted portion ({” di- 
ameter) of the tube, there was no appreciable absorption by SOs, and the heat 
produced by the discharge itself prevented the deposition of sulphur on this 
constricted part. Previous trials had shown the impossibility of using a tube 
of the “end-on” type, with which these difficulties could not be avoided. 

The tube adopted therefore required no interruption of exposure to be 
cooled or cleaned, and, when excited with a heavy current, produced a com- 
paratively high intensity of the spectrum. 

The electrical circuit also is shown in Fig. 1. The transformer was actuated 
by a potential of 220 volts, and had an open-circuit secondary voltage of 10 
kilovolts and a capacity of 5 k.v.a. The condenser consisted of two Leyden 
jars in parallel, and the self-inductance coil was constructed by winding 
No. 24 D.C.C. copper wire in a single layer on a long paper cylinder. Henri 
and Wolff showed that this type of circuit was practically necessary for the 
production of the spectrum with any intensity. An ordinary uncondensed 
discharge produces the band spectrum, but most of the energy goes into the 
production of a continuous spectrum in the same spectral region. On the other 
hand, a condensed discharge produces the line spectrum only. The optimum 
values of capacity and inductance are indicated in Fig. 1; they could not be 
changed from these values by a factor of more than about five without a 
change in the spectrum becoming noticeable. 

The intensity of the spectrum was also dependent upon the pressure in 
the tube; it increased with increasing pressure up to about 2 cm, but appeared 
to remain practically constant for pressures above this value. The power ap- 
plied to the tube was controlled by regulating the primary voltage of the 
transformer. To obtain the maximum intensity, the power was adjusted to 
the maximum value at which the tube could operate continuously. This value 
is estimated to be about 2 k.w. 

The spectrograms used for measurement were taken on Eastman Speed- 
way plates in the first and second orders of a 21-foot grating which has a dis- 
persion in the second order of about 1.3 A/mm. The exposure time required 
was six hours. The lines were measured with a Société Genévoise comparator 
reading to 0.001 mm. The lines of an iron arc in air were used as comparison 
standards. The wave-lengths used were taken from the “Transactions of the 
International Astronomical Union”!” and the “Publications of the Allegheny 
Observatory of the University of Pittsburgh.”'' The former gives values for 
the arc in air, the latter for the arc in vacuum. Unfortunately, no Inter- 
national standard wave-lengths are available for the region below 3370A. 
However, the two sources agreed very closely for the wave-lengths which they 
both give; hence it was assumed that there was no appreciable error intro- 


10 Transactions of the International Astronomical Union, Vol. IIT, (1929). 
1 Publications of the Allegheny Observatory of the University of Pittsburgh, Vol. VI (1929). 
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duced by using for some of the standards the wave-lengths of the lines of the 
vacuum iron arc. The deviations of these lines from a smooth dispersion curve 
indicated that the SO band lines were measured with an absolute accuracy of 
about 0.01A, while combination relations showed for the sharper lines a rela- 
tive accuracy within a band of about 0.003A., 


Il]. ROTATIONAL STRUCTURE 


The general appearance of the spectrum is shown in Fig. 2, a and b. The 
progression with 7’ =0 is predominant, and its most intense members, namely 
the (0, 4) to (0, 9) bands inclusive, are almost entirely free from overlapping 
by other bands of the system. These bands were therefore most suitable for 
the determination of the molecular constants. The constants of the lower 
states having v’’=4 to 9, and of the upper state having v’=0, could be ac- 
curately determined from these bands, while for the upper state having v’ = 1, 
the (1, 4) band was found to be most suitable. No bands with v’ >1 could be 
used for this purpose; those with v’ =2 were too much perturbed_to permit an 
analysis of their structure, while those with v’ =3 were extremely narrow, an 
effect which is explained below as due to predissociation. No bands with 
v’ >3 are observed, also because of predissociation, 

The structure of the bands with v’ = 0 is illustrated in Fig. 2, d and f, which 
show enlargements of the (0, 7) and (0, 5) bands respectively. These bands 
show one R and one P branch, each of which consists of narrow triplets. The 
two high-frequency components (to left in Fig. 2) of the triplets have a fre- 
quency separation which is dependent on the value of K, while the separation 
of the low-frequency member from the mean of the two high-frequency mem- 
bers is nearly independent of A. The absence of any noticeable Q branches 
indicates that the transition is one for which AA =0. Furthermore, because of 
the considerable intensity of the system, the possibility of an intersystem 
transition (AS#0) can be ruled out. Since no A-type doubling is observed, 
both states must have A =0. The presence of triplet R and P branches shows 
that the electronic states involved belong to a triplet system. These facts 
point quite definitely to the conclusion that this band system is produced by 
a *Y, *S transition, as is the case for the analogous systems of 027° and S.° ly- 
ing in the same spectral region. Since the final *S states for these systems of 
Os and S. are the normal states of these molecules, the final *~ state for this 
system of SO is probably also the normal state. 

The complete resolution of the spin tripling is one of the most interesting 
features of the SO bands. In the corresponding bands of Os, the tripling is 
much smaller, and the components arising from F, and F; terms are barely 
resolved at the highest observed A values. In S2, although the triplet separa- 
tions are as large as in SO, overlapping is so serious that the data are irregu- 
lar and incomplete. 

The rotational levels of a Y state are given by” 


F(A) = B.K(K +1) + f(A, J — A) + DAA + 12° +--- (5) 


12 For details, see R. S. Mulliken, Rev. Mod. Phys. 2, 105 (1931). The factor G? has been 
omitted from Eq. (5). 
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where A is the quantum number of the angular momentum exclusive of spin, 
J is the quantum number of the total angular momentum and takes the 
values J=AK+S, A+S—1,---, K—S, and S is the resultant spin. For a 
triplet state, S=1; hence, for this case, J/=A+1, K, and K—1. Since the 
difference in energy for different orientations of spin is small for S states 
(Hund’s case (b)), there will be, in this case, three rather closely spaced en- 
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Fig. 2. Reproduction of the major parts of the SO emission spectrum, photographed with a 
21-foot sation, (a) and (b). Contact prints of the region \2500A to A3550A, which contains 
most of the stronger bands. (c). Enlargement of the short wave-length end of the spectrum to 
show the abrupt termination of the bands with v’=2 and v’=3. This is especially well! illus- 
trated by the 2,2 band. The 3,3 band is probably too faint to show in the reproduction, but 
actually is only about 1 mm wide. (d). Enlargement of the end of the 0,7 band showing the 
abrupt ending of the R and P branches. (e). Enlargement of part of the 1,4 band illustrating the 
perturbations in the rotational structure. (f). Enlargement of part of the 0,5 band. The com- 
plete resolution of the triplets and their different relative spacing for adjacent lines, R(A) and 
P(K- 6), are apparent. 
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ergy states for each value of K. These energy states are designated F;= Fi, Fo, 
and F;, where F, corresponds to J/=K-+1, Fz to /=K, and F; to J/=K-—1. 

Kramers® has shown that f;(K, J—K) for *= states is made up of two 
parts, one of which is due to the interaction of the resultant electron spin 
S*(=(S(S+1))*) and the magnetic field generated by the rotation of the 
nuclei, while the other is due to the interaction of the individual spins of the 
electrons. For the three values of J, f;(K, J—K) is given by 


J=K+1 fi = —e€+ 3€/(22K + 3) + 7K (6) 
J=K-1 fs = —€ — 3€/(2K — 1) — y(K + 1) (7) 
J=K fo=+e-y¥. (8) 


In these equations, terms containing y arise from the interaction of the 
resultant spin and the magnetic field generated by the nuclear rotation, and 
those containing € arise from the interaction of the individual spins. 

The lines of the R and P branches are defined by the relations: 

R(K) = vo + Fi(K + 1) — Fi(K) (9) 
P(K) = vo + Fi(K — 1) — Fi'"(K) (10) 
where vo is the wave-number of the origin of the band under consideration. 

In the analysis of a *X, *X band system, it is impossible to determine the 
signs of the y’s and e's. This fact prevents an unambiguous assignment of all 
three R (or P) branches to the series Rj, Re, and R; (or P;, P2, and P3). From 
the fact that f2 is independent of K, we can identify the Re (or P2) branch at 
once, but we cannot determine which of the other two R (or P) branches is 
R; (or P;). In the present case, the low-frequency branch is R, (or P:), while 
the high-frequency branch (for K>18) has been arbitrarily designated as R; 
(or P,), by analogy with the corresponding convention used for S.°. Table I 
gives the wave-numbers of the lines of the seven bands investigated. The 
lines indicated by asterisks are unresolved R,; and R; (or P; and P3) lines. The 
order in which the three branches are given in the table is, reading downward: 
R,, Rs, Re (or P;, P3, P2). This order is maintained for all of the bands with 
v’=0, and also for the (1,4) band up to K = 25. For K >25, however, the (1,4) 
band is so much perturbed that it was impossible to arrange the R (or P) 
branches into three distinct series. The wave-length in I.A. of the head of 
each band is given at the top of the appropriate columns. 

The correct designation of the lines by the values of K’’ was obtained 
by the application of the combination principle. After a few preliminary 
trials, assignments were reached which yielded, for all bands with a common 
upper vibrational state, complete agreement in the term differences 

Aol '(K) = R(K) — PAK) = Fi'(K + 1) — Fi'(K — 1). 
For the three components of the triplet, these differences should be given by :" 


Aol’'(K) = 4B,’(K + 3) + 8D,"(K + 3)* — 12e'/(2K + 5)(2K + 1) + 2y’ (11) 
AF ;'(K) = 4B,"(K + 3) + 8D,"(K + 3)8 + 12€/(2K — 3)(2K + 1) — 2y’ (12) 
AcF2!(K) = 4B,'(K + 3) + 8D,"(K + 3). (13) 


13H. A. Kramers, Zeits. f. Physik 53, 422 (1929). 
14 The omission of a term +6D,(K +4) from these equations introduces no appreciable 
error, since 6D, is entirely negligible in comparison with 4B,. 
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TABLE I. Wave numbers of the lines of the (1, 4), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), and (0, 9) bands. 


20 


21 


22 


23 


24 


25 


26 


28 


29 


30 


31 


32 


33 














(1, 4) 42827395 (0, 4) \2877.643 (0, 5) 42968. 470 
R P R P R P 


35336 .56* 


— 34719. 20* —_ 33657 .37* 
335.55 — —_ —_ — 
ome vate aan 715.47* — 653 .36* 
— 331.38 — - — - 
— — _ 711.20* — 649. 70* 
~~ 326.94 — — — i 
_ 323 .35* — 706 .57* — 645.18* 
_ 322.05 _ — _— — 
_ 318. 10* 34724.59* 701.61* —_ 640.54* 
— 316.50 722.67 — — 637.58 
35337 .35* 312.77* 721.13* 696 .25* _— 634 .53* 
335.55 310.86 719.20 694.13 _— 632.18 
333 .28* 306. 76* 717.41* 690 .48* 33655 .71* 628 .84* 
331.38 304.84 715.47 688.41 653.85 626.79 
328 .99* 300 . 40* 713.10* 684. 20* 651.74* 623 .07* 
326.94 298 .38 711.20 682.19 649.70 620.80 
324.27* 293 .73* 708 .60* 677 .68* 647 .39* 616.51* 
322.05 291.72 706.57 675.64 645.18 614.49 
319.12* 286 .66* 703 .60* 670.78* 642.67* 609 . 80* 
317.12 284.64 701.61 668.71 640.54 607.79 
313 .66* 279.16* 698 .32* 663 .47* 637 .58* 602 . 68* 
311.65 277.16 696.25 661.44 635.52 600.61 
307 .69* 271.33* 692 .66* 655 . 80* 632.18* 595 .25* 
305.71 269.34 690.48 653.76 630.06 $93.23 
301 .46* 262 .96* 686 .61* 647 .76* 626.32* 587.42* 
299.54 261.07 684.56 645.81 624.33 585 .39 
294 .94* 253 .59* 680.21* 639 .41* 620.07* 579.28* 
292.86 252.50 678.22 637.42 618.08 577.25 
287 . 86* 245 .31* 673.42* 630 .62* 613.54* 570.69* 
285.86 243.52 671.45 628.64 611.47 568 .66 
280.41* 236 .28* 666 .33* 621.45* 606 .65* 561 .84* 
278.28 234.16 664.33 619.54 604.57 559.86 
35272.64* 35226 .26* 34658 .75* 34612 .00* 33599 .32* 33552 .57* 
270.05 224.31 656.74 610.01 597.26 550.54 
264 .36* 215.97* 650 .83* 602 .13* 591 .74* 543 .01* 
262.96 214.15 648 .90 600.13 589.69 541.00 
255 .48* 205 .77* 642.58* 591. 88* 583 .81* 533 .07* 
254.36 203 .06 640.59 589.83 581.75 531.00 
247 .66* 194.79* 633 .95* 581 .30* 575 .45* $22.71* 
245.31 193.14 632.11 579.32 573.52 $20.71 
238.04 185 .36 625.23 570.29* 567 .02 512 .03* 
= 183.20 624.73 466.48 
235.78 181.94 623.01 568.25 564.71 510.01 
228.54 172.52 615.82 559.16 557.92 $01 .03* 
— — 615.34 558.72 557.43 
226.26 170.16 613 60 557.07 555 68 499 18 
218 16 160.35 606 07 547.51 548 57 489 68* 
— — 605 54 547 02 548 02 
214.15 158.05 603 . 86 $45.30 $46.23 487.65 
207 .42 148.12 596 .06 535.41 538.76 478.16 
7 — 595 .38 534.87 $38.23 477.69 
206.61 145.56 $93.64 533.16 537.42 475.90 
197 .37 135.03 585.48 523.04 528 .63 466 .04 
196.66 _— 584.89 522.47 528.01 465 .46 
194.79 132.58 583.17 520.70 $26.35 463.78 
185.97 121.73 574.64 510.15 518.16 453.62 
185 .36 — 573.99 509.54 $17.54 453 .04 
181.94 120.67 572.32 507 . 86 $15.79 451.33 
175.13 108.65 $63.41 497 .00 507.34 440.78 
173.08 108 .06 562.72 496 .36 506.75 440.22 


171.66 106.21 561.10 494.58 504.97 438 49 
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TABLE I. (Cont.). 








35 


40 


41 


42 


43 


44 


45 


46 


48 


49 


50 


$1 


52 


53 


54 


55 


56 


(0, 4) 





R P i 
160.35 094.35 551.85 483.39 496.10 427.60 
— ~~ 551.10 482.72 495.45 427.00 
—_ 090 .84 549.44 481.05 493 .66 425.27 
150.33 081.18 539.87 469.44 484.49 414.12 
149.74 079.14 539.08 468.70 483.76 413.45 
148.12 077.78 537.46 467.16 482.11 411.75 
137.48 063 .82 527.56 455 .16 472.56 400.21 
136.84 — 526.85 454.45 471.88 399.57 
135.03 _ 525 .08 452.76 470.18 397.85 
35123 .69 35050 .98 34514.85 34440 .49 33460 .32 33385 .93 
_— 050.34 514.03 439.76 459.48 385.34 
121.73 048.67 512.35 438.10 457.84 383.56 
110.91 035.47 501.69 425.47 447.63 371.37 
109.96 034.81 500 . 86 424.78 446.80 370.63 
108 .65 033.15 499.21 423.03 445.14 368 .87 
097 .02 018.98 488.24 410.07 434.58 356.44 
095 .82 — 487 .37 409.21 433.71 355.56 
094.35 017.26 485.77 407.58 432.10 353.96 
082.60 003.44 474.41 394.20 421.21 341.05 
—_ 002.58 473.43 393.44 420.26 340.21 
080.39 001.27 471.95 391.82 418.71 338.56 
067 . 23 34986 . 83 460.12 378.00 407 .39 325.41 
- 985.74 459.25 377.22 406.52 324.47 
0065 . 26 984.32 457.70 375.59 404.93 322.86 
050.98 969.78 445 .57 361.54 393 .36 309.27 
_ ~- 444.61 300.69 392.38 308 . 32 
049.31 967 .56 443.13 359.10 390.80 306.77 
037.51 951.70 430.65 344.54 378.92 292 .86 
036.95 _ 429.60 343.64 377.86 291.97 
036.27 949.81 428.13 342.13 376.29 290.47 
022.67 932.77 415.28 327.45 364 .06 276.11 
021.22 — 414.22 326.43 362.99 275.12 
019.85 931.14 412.75 324.87 361.45 273.52 
005 .98 916.71 399.58 309.78 348.85 258.97 
004 .97 — 398.48 308 .77 347.78 257.95 
003.44 915.78 397.05 307.27 346.23 256.43 
34989 . 33 899.14 383.47 291 .88 333.25 241.52 
988 .48 897 .66 382.36 290.62 332.16 240.46 
986 . 83 896.25 380.89 288 .98 330.61 238.92 
972.23 879.65 367.01 _ 317.31 223.60 
971.44 878.76 365 .90 _ 316.15 222.50 
969.78 877.18 364.46 - 314.71 221.06 
955 .06 860.41 350.20 _ 301.04 205 .42 
: 859.53 349.01 _ 299.88 204.25 
952.47 857.83 347.56 _ 298 . 36 202.81 
936.91 840 .66 333.06 _ 284.49 186.83 
936 .08 839.82 331.75 283.14 185.67 
934.24 838.12 330.36 - 281.70 184.12 
35917 .95 34820.77 34315 .41 - 33267 .36 33167 .87 
an may 314.23 - 266 .06 166.72 
916.71 818.20 312.72 - 264.67 165.24 
902.81 799.92 297 .47 249.98 148 .63 
— 799.00 296.18 248.74 147.37 
899.98 797.32 294.71 — 247.25 145.99 
— 778.34 — —_ 232.27 
- —_ _ - 230.96 
881.98 777.30 —_ - 229.38 _ 
- 760.42 —_ - 214.10 
- - — - 212.80 — 
— 757.64 — 211.41 — 
_ _ —_ 195.69 — 
—_ _ 194.25 —_ 
— — _ 192.85 — 
— — — — 176.78 — 
— _ — — 175.44 _ 
— _ — — 174.02 — 
—_ — — — 157.60 —_ 
—_ — — — 156.22 ~ 
_ _ — 154.62 =e 




















K”’ 


6 


~ 


11 


19 


20 


21 


22 


23 


25 


26 


27 


28 


29 


(0, 6) \3064.059 
R ad 


32624 


.35* 


622 


620 


.85* 


.97* 


618 


.45* 


32616 


.05* 


613 


611 


610. 


607 


518. 


$11 


509. 
502. 
500. 


.14* 
17 
09o* 
- 86 
.54* 


.63* 
.53 
. 39* 
.82* 
.82 


.87* 
. 86 


.68* 
.59 


.09* 
-04 


.O8* 
.04 


.65* 


~ 
— 


-02* 
-07 


-05* 
1S 


.79* 
72 


-03* 
.00 
-02* 


-40* 
54 
-67* 
80 
59* 
70 


32611. 


17* 


607. 


605 . : 


604. 


601.7 


599. 
597. 
32595. 
$93. 
590. 
S88. 
585. 


476. 
474. 
465. 
463. 
455. 


453. 


444. 


442. 





80* 


.56* 
.49 
.67* 
.64 


7.49* 
.05 


.92* 
.02 


.04* 
.05 


. 78* 
.79 


.21* 
-03 


.29* 
-02 


.07* 
. 86 


.31* 
-18 


. 36* 
.09 


.01* 
.69 


.32* 
.25 


27* 


0S 
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(0, 7) \3164.761 
R - 


547 .46* 
545.49 


542.01* 
540.10 


536. 39* 
$34.19 


530. 24* 
$28.17 


523 .87* 
521.72 


517 .01* 
514.98 


31509. 89* 
507 .87 


31572 .68* 


569. 22* 


547 .46* 
545.49 
$42 .01* 


31461 .33* 
459.21 


451.94* 
449.84 
442.17* 
440.06 
432.12* 





(0, 8) A3270.958 
R > 


30559 
500 


559 
500 


558 
559 


556. 


557 


S35. 


$35. 
555. 
553. 


30553. 


a 4 


65 
89 


07 
21 


23 
.65 


90 
.93 
28 
28 
93 
33 


07 


.O8* 
04 


2.99* 


.83 


.40* 
.28 


.54* 


-42 


. 36* 
.18 


.87* 


? 


.04* 
.88 


.92* 
.76 


. 39* 


.28 


.60* 
.48 


.56 
25 
os 


.12 
. 83 
.96 


.36 
.97 


3.10 
7.30 


.89 
-95 


.89 
.38 
.55 


30543 .42 29544 .76 
546.2 

$41.82 
540.00 §43.59 
541.14 544.76 
$38.31 $41.38 
536.19 541.99 
$37.08 $42.73 
534.44 539.78 

30532 .06 29539.78 
$32.75 540.62 
530.20 538 .04 
$27.53 537.40 
528.13 538.04 
525.60 $36.23 
522.59 534.65 
§23.05 $35.53 
$20.67 532.78 
517.40 531.72 
517.77 $32.11 
515.50 529.72 
511.89 528 .63* 
$12.21 
509 .95 §26.35 
506 . 34* 524.95* 
504.16 $22.63 
500 .06* §20.81* 
497 .96 518.69 
493 .50* 516.47* 
491.41 $14.36 
486 .73* 511. 86* 
484.55 509.69 
479.55* 505. 86* 
477.42 $04.67 
472 .09* 501 .57* 
469 .96 499 . 36 
464. 28* 496 .04* 
462.11 493.89 
456 .12* 490 .O8* 
453.97 487.96 
447 .66* 483 .93* 
445.49 481.68 

30438 .85* 29477 .32* 
436.69 475.07 
429.76* 470.52* 
427.57 468 .09 
420.39 463.42 
420.18 463.12 
418.14 461.23 
410.66 455.93 
410.36 455.59 
408 . 38 453.57 
400 .60 448.18 
400 .27 447.76 
398.41 445.79 
390.21 440.07 
389.82 439.65 
387.89 437.72 








29533 .5 


$31. 
$29. 


»? 
522 


29518. 


517. 


426.. 

419.7 
417. 
410. 
408. 
401. 
398. 
391. 
391. 
389. 
381. 


381. 
379. 








(0, 9) A3383.114 
R P 


~ 
tw 


63 


04 
.95 


.63 
91 
$20. 


81 


69* 


4.360* 
.70 


69% 


. 89* 
71 


.96* 
80 


.O8* 
460 


.O7* 


81 


.O9* 
.86 


.74* 
7 
95 
.23* 
.06 
7.07* 
.89 


15* 








36 


40 


41 


43 


44 


45 


46 


48 


49 


50 


$1 


3.11 


2.16 


P 

17* 432 .70* 
.22 430.64 
on 420 .96* 
.27 
44 418.86 
.69 409 .04 

408 .54 
.30 4006.74 
.24 396 .66 
.62 396 .04 
.76 394.25 
.39 383.84 
.68 383.25 
.94 381.45 
.22 370.72 
43 370.10 
.70 368.35 
.69 32357 .29 
.19 356.59 
.20 354.82 
89 343.35 
.0S 342.73 
.27 341.01 
.48 329.26 
e, 328.55 
.10 326.80 
94 314.77 
.09 313.96 
41 312.23 
.03 299.87 
.09 299 .03 
.49 297 .31 
.69 284.63 
81 283.80 
17 282.09 
.12 268 .99 
.14 268.15 
48 206.49 
.13 253.09 
11 252.22 
.52 250.67 
78 236.83 
72 235.91 

234.26 
.10 220.23 
01 219.23 
.47 217.65 
.04 203.26 
.96 202.20 
.40 200.68 
.64 185.98 
.49 184.87 
.96 183.30 
87 168.27 
.72 167.13 
16 165.60 
84 150.21 
.57 149.07 
.10 147.52 
an 32131.85 
.04 130.73 
-62 129.17 
.54 113.20 
.27 111.93 
84 110.42 
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TABLE I. (Cont.). 
(0, 7) (0, 8) (0, 9) 
P P 

460.72 400.19 440.15 379.58 431.73 371.03 
460.24 399.72 439.61 379.06 431.16 370.65 
458.34 397.77 437.74 377.16 429.26 368.72 
451.29 388.73 431.04 368 .46 422.95 360.34 
450.77 388.27 430.52 367.98 422.40 359.89 
448 .90 386 .38 428.59 366.10 420.47 357.93 
441.55 377.02 421.62 357.07 413.91 349.28 
440.98 376.51 421.04 356.57 413.32 348 .83 
439.13 374.60 419.24 354.69 411.42 346.91 
431.45 365 .00 411.95 345.41 404.59 337.95 
430.83 364.38 411.31 344.85 403 .94 337.45 
429.03 362.61 409.47 342.93 402.03 335.56 
420.97 352.53 401 .90 333.47 394.87 326.41 
420.34 351.96 401.22 332.81 394.20 325.82 
418.56 350.20 399 . 38 330.95 392.33 323.90 
410.20 339.80 391.50 321.23 384.89 314.47 
409.54 339.18 390 . 80 320.47 384.20 313.82 
407.79 337.38 388 .97 318.58 382.31 311.92 

31399.11 31326.73 30380 .77 30308 .50 29374.56 29302 .18 
398 .50 326.02 380.11 307.74 373.93 301.53 
396.64 324.26 378.26 305 .88 371.97 299 .63 
387.70 313.27 369.72 295.49 363.99 289.56 
386 83 312.57 368 .95 294.74 363.21 288.91 
385.12 310.78 367.14 292.89 361.31 287.02 
375.80 299.54 358.33 282.14 352.95 276.7 
374.97 298 .83 357.52 281.48 352.22 276.02 
373.24 296 .92 355.7 279.49 350.32 274.08 
363.68 285.46 346.60 268 .47 341.71 263.51 
362.85 284.63 345.79 267.71 340.92 262.76 
361.13 282.87 344.08 205 .84 338.99 260.87 
351.15 271.00 334.55 254.42 330.08 249.89 
350.20 270.20 333.62 253.69 329.25 249.16 
348.58 2608 .44 331.94 251.83 327.42 247 .30 
338.32 256.20 322.16 240.08 318.15 236.09 
337.38 255.33 321.23 239.35 317.34 235 .33 
335.80 253.68 319.58 237.59 315.47 233.43 
325.21 241.15 309 .57 225.43 306.01 221.96 
324.26 240.25 308.50 224.61 305.10 221.12 
322.59 238.55 306 . 86 222.90 303.26 219.32 
311.72 225.59 296 .52 210.39 293.46 207 .44 
310.78 224.77 295.49 209.65 292.52 206 .62 
309 .06 223.10 293.88 207 .94 290.77 204.82 
297 .84 209.91 283.16 195.13 280.56 192.70 
296 .92 209 .02 282.14 194.36 279.60 191.77 
295.21 207 .28 280.48 192.63 277.83 189.98 
283.65 193.79 269.48 179.60 267 .43 177.58 
282.66 192.79 268 .47 178.68 266.39 176.59 
280.98 191.25 266.80 177.00 264.67 174.88 
269.15 177.32 255.46 163.66 253.93 162.14 
268.10 176.30 254.42 162.68 252.86 161.11 
266.44 174.76 252.76 161.01 251.06 159.42 
254.27 160.49 241.18 147.52 240.15 146.49 
253.18 159.48 240.08 146.42 239.04 145.41 
251.55 157.85 238.40 144.77 237.31 143.69 
239.07 143.37 226.50 130.89 225.98 130.40 
237.93 142.34 225.43 129.80 225.41 129.33 
236.36 140.66 223.73 128.16 223.20 127.54 
223.56 125.94 211.52 113.97 211.61 114.01 
222.33 124.79 210.39 112.86 210.39 112.91 
220.81 123.12 208 .72 111.17 208.71 111.34 

31207 .55 31108 .10 30196.15 30096 .68 — _- 
206.38 106.97 195.13 095.74 _ 
204.85 105 .37 193.35 093.93 - - 
191.25 090.09 180.51 079.13 = - 
190.15 O88 .85 179.28 078.06 _— 
188.53 087.28 177.68 076.33 — —_ 
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Taste I. (Cont.). 
(0, 6) (0, 7) (0, 8) (0, 9) 
ae P R P R P R 
197.44 094.07 174.76 071.50 164.61 061.20 — —_ 
52 196.01 092.76 173.54 070.32 163.27 060.10 _— 
194.41 091.31 171.84 068 .76 161.51 058.53 _ _— 
179.80 074.63 157.85 052.64 148.22 043 .08 —_ — 
53 178.51 073.40 156.55 051.42 146.92 041.83 _ _— 
177.06 071.93 155.05 049.89 145.37 040.25 —_ - 
161.97 054.93 140.66 033.53 131.62 024.60 — — 
$4 160.61 053.60 139.26 032.24 130.26 023.14 _ _ 
159.17 051.96 137.79 030.53 128.74 021.39 — _— 
143.74 034.73 123.12 013.99 114.61 005 .62 — ne 
55 142.40 033.43 121.69 012.70 113.26 004.23 — —_— 
140.92 031.98 120.15 011.17 111.71 002.70 _ — 
125.19 014.28 105.16 30994 .16 30097 .25 29986 . 33 a = 
56 123.70 012.92 103.65 992.79 095.74 984.88 — — 
122.34 011.50 102.19 991.26 094.35 983.39 -_— - 
106.26 31993.45 086.80 974.03 079.62 966.76 — — 
57 104.76 992.04 085.35 972.64 078.06 965 .31 — _ 
103.37 990.62 083.88 971.11 076.68 963.79 - —_ 
086 .96 972.26 068.17 953.48 061.65 946.81 — —_ 
58 085 .43 970.85 066.70 952.08 060.10 945 .38 — — 
084.06 969.46 065 .24 950.58 058.53 943.83 — _— 
067.34 950.76 049.16 932.61 043.08 926.64 
59 065 .86 949.27 047.71 931.14 041.83 925.26 
0064.50 947.85 046.24 929.70 040.25 923.73 
047.40 928.83 029.90 911.37 024.60 906 .13 - ~<a 
60 045 .63 927.34 028.20 909.91 023.14 904 .69 -- - 
044.69 925.98 027.08 908 .46 021.91 903.17 — —_ 
027.05 906 .57 010.25 889.89 005 .62 885.23 —_ — 
61 025.38 905 .13 008 .62 888 . 36 004.23 883.82 - - 
024.07 903 .69 007.22 880.91 002.70 882.26 —_ — 
006.25 884.04 30990 .20 868.01 29986 .33 864.10 — 
62 004 .66 882.40 988.55 866.31 984.88 862.43 — - 
003 .32 881.31 987.19 865 .26 983.39 861.35 — — 
31985 .20 31861.10 30969 .87 30845 .81 29966 .76 29842 .60 — — 
63 983.61 859.54 968.19 844.22 965 .31 841.00 —_ mee 
982.22 858.14 966.80 842.79 963.79 839.55 — am 
963.82 837.81 949.14 823.20 946.81 820.69 _ _ 
64 _— 836.14 947.53 821.55 945 .38 819.06 _— — 
960.81 834.86 946.07 820.18 943 .84 817.67 _— _ 
941.95 814.11 928.08 800.27 926.29 798.54 — - 
65 — 812.49 —_ 798 .67 924.70 796.96 —_ — 
938.64 811.08 925.52 797.27 923.17 795 .44 — ~— 
— 790.10 = 776.95 _ 776.05 — — 
66 _— 788.55 _— 775.40 _ 774.46 —_ = 
916.99 787.13 — 773.90 902.63 772.97 — _— 
—_— 765.72 _ 753.37 —_ 753.14 — sae 
67 -— 764.27 — — — — — - 
— 762.40 _— 750.81 _— 749.92 — — 
68 — _ — -- -- — —_ —_ 
— — — — — 726.91 —_ _ 





* These lines are made up of unresolved R: and Rs (or P: and P;) lines. The order in which the R branches 
are given is, reading downward, R:, R:, R:. The same is true of the P branches. 


The combination differences, 
Ad i(K) = R(K — 1) — P(K +1) =F/"(K +1) — Fi"(K — 1) 


for the lower electronic state have the same form as Eqs. (11), (12), and (13), 
except that the (’) is replaced by the (’’). Because of lack of space, the nu- 
merical values of the combination differences are not given here. However, 
they can be obtained directly from the data in Table I. The values for a given 
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interval obtained from different bands agree, on the average, to about 0.06 
cm~'. The values of A,F.(K), which are not a function of € or y, were used to 
determine the value of B,. Graphs of A. F:(K)/(K+3) as ordinate with K 


as abscissa were made for all bands investigated. The ordinate at K = —} is 
an approximate value of 4B,. Since 
B, = B, — a(v + 3), (14) 


the difference between the values of B, and B,,; obtained from these graphs 
gave a preliminary value of a. The value of B, was then calculated from Eq. 
(14) and substituted in the relation D,= —4B3/w2 to obtain the value of 
D.. D, is given by the relation D, = D.+8(v+3), where B=a?/6w.+(20aB2 
—32x.B.3)/w2. The value of D, thus obtained can be used to calculate 
8D,(K +4)’, which, when added to the observed values of A, F:(K), yields a 
set of values A,F,*(K) which are practically linear in (K+}). As F2*(K) is 
represented by 


Aol'2*(K) = Asl'2(K) — 8D,(K + 3)3 = 4B,(K + }). (15) 


The least squares solution of this equation gives an accurate value of 4B,. 
The values of 4B, thus obtained were fitted to Eq. (14) by the least squares 
method to obtain B, and a. 

The values of the molecular constants obtained from the data given above 
are listed in Table II. 


TABLE II. Constants of the rotational structure.“ 























v’ B,’ Constants v”’ | Constants 
0 0.4989 B,’=0.5020+0.0005 cm | 4 0.68367 B,’’=0.70894+0.00009 cm~ 
1 0.4927 a,’=0.0062 cm 5 0.67793 a,’’=0.005622 +0.000013 cm 
I.’ =55.10X10-* gr. cm? 6 0.67248 J,’’=39.02X10-*° gr. cm? 
r.. =1.769X10-° cm 7 0.66674 r./’=1.489 X 107° cm 
D,’ = —1.280 X10 cm 8 0.66124 D,’’=—1.129X107% cm 
B’=—3.56X10-* cm 9 0.65548 B’’=—3.20X10-" cm 
Band A B yy" 
(0,4) —1.97 — 10.83 +0.0150 
(0,5) —2.02 . * 
(0,6) —2.06 “ « 
(0,7) —2.09 “ « 
(0,8) —2.11+0.01 “  +0.01 “  +0.0005 
(0,9) —2.19 » . 





y'at+0.017 y"-A—0.003 





Note: As mentioned later in the text, the signs of y’, y”, and (y’—y”) are somewhat 
arbitrarily chosen. 


IV. Spin FINE STRUCTURE OF THE ROTATIONAL LEVELS 


As pointed out above, the existence of three energy levels for each value 
of K is to be attributed to the mutual interaction of the individual spins com- 
% The constants A, B, and y are discussed in the following section. The values of r, are 


calculated for the molecule S*O", since these are by far the most abundant of the isotopes of 
these elements. 
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bined with the interaction of the resultant spin S* and the magnetic field 
generated by nuclear rotation. The separations of these levels from the en- 
ergy given by B,K(K+1)+D,K*(K+1)?+ ---+ are represented by Eqs. 
(6), (7) and (8). The rotational term differences are expressed by Eqs. (11), 
(12), and (13). If the terms in € in these equations are neglected, as they may 
be except at low K, then 
Aol’ \(K) — Aek3(K) = 4y. (16) 

The value of 4y is, in the present case, less than the experimental error; 
hence, for any one value of K, Eq. (16) does not give even an approximate 
value of y, and the average for a large number of K values gives only a rough 
approximation. The values of y’ and y’’ were determined from each of the 
six bands with v’=0 by averaging all the available differences A,F,(K) 
—A.F;(K) for K >25. The values of y’ thus obtained ranged from +0.025 to 
+0.011 with an average +0.017. The values of y’’ ranged from —0.006 to 
— 0.0006 with an average —0.003. No consistent variation of y’’ with v’’ was 
observed. Although these values of y’ and y’’ represent only the order of 
magnitude of the correct values, they appear to be definitely of opposite 
sign. However, the above data alone are insufficient to determine whether y’’ 
is negative or positive, since we do not know which of the two high-frequency 
R (or P) branches is the theoretical R; (or P;) branch. 

It has been shown that the value of y’’'* for the normal *Z,~ state of the 
O2 molecule is negative,’ and that the value of y’ for the excited *Z,,~ state 
for the Schumann-Runge bands of O, also is negative.* For this reason, Naudé 
and Christy® have assumed that the values of y for the normal *Y,~ and the 
excited *2,,~ states of S, also are both negative, since both have the same sign. 
A similar situation in SO, however, does not exist, since the sign of y for 
the normal *> state is opposite to that for the excited * state. If we assume 
that the sign of y’’ for SO is the same as that for the normal states of O2 and 
S2, then the designation of the high-frequency R (or P) branch as R; (or P;) 
is correct. 

The equations for the separations of the three components of the triplet 
in the R and P branches, obtained from Eqs. (9) and (10) are: 


R, — Rs = 6€'(2K + 3)/(2K + 5)(2K + 1) 

— 6e"(2K + 1)/(2K + 3)(2K — 1) + (y’ — y"")(2K + 1) + 27’ (17a) 
Ry — Ry = 3(e' — e’’) — 3e'/(2K + 5) + 3e”/(2K + 3) 

= (7 — w"VHK + 1) — 7’ (18a) 
Ry — R3 = 3(e' — e’) + 3e/(2K +1) — 3€"/(2K — 1) + (y’ — y")K +7’ (19a) 


P, — P3 = 6e'(2K — 1)/(2K + 1)(2K — 3) 

— 6e’(2K + 1)/(2K + 3)(2K — 1) + (y’ — y"")(2K + 1) — 27’ (17b) 
P, — P; = 3(e' — e”’) — 3e’/(2K + 1) + 3e"/(2K + 3) 

= — XE + 1) +7’ (18b) 
P, — P3 = 3(e — €”’) + 3e’/(2K — 3) — 3e"/(2K — 1) + (y’ — y”)AK — y'(19b) 


16 The y used here corresponds to (— B) in Kramers’ terminology (cf. reference 13) and tq 
(— D) in that of Lochte-Holtgreven and Dieke (cf. reference 8). 
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For K25, the average of Eqs. (18a) and (18b) is:!” 
Ae1 = 3(e’ — €’”) — 3(e’ — €”)/(2K +3) —( — y")(K +1) (20) 
and the average of Eqs. (19a) and (19b) is:"” 
Aes = 3(e’ — e”) + 3(e’ — €”)/(2K — 1) + (7 — y")K. (21) 


The interval between R, and the mean of R; and R;, for K greater than 
about 5," is: 


Ae-1,3 = 3(e’ — e”) — 3(7' — ”). (22) 
This interval is the same for the corresponding P branches. 
A 








Fig. 3. Graphs showing the triplet separations in the 0,8 band. The ordinates for the circles 
and triangles represent, respectively, the observed separations of R; and R; from R2, and of P, 
and P; from P,. The curves are plotted according to Eqs. (23) and (24), where A = —2.11, 
B=-—10.83, and (y’— y’’) = +0.0150. These curves approach asymptotically the straight lines 
whose slopes are +(y’— y’’) = +0.0150. 


The R; and R; (and P,; and P3) branches are resolved for K > 30, and, 
in some cases, for K <13. The resolution for K <13 was most satisfactorily 
observed in the (0,8) band, since this band showed very little overlapping of 
the different branches in the region of small K values. Accordingly, in order 
to determine the tripling constants as accurately as possible, the separations 
of the three components of the triplets of the (0,8) band were plotted on a 
large scale (Fig. 3). The circles and triangles represent, respectively, the 
wave-number separations of R; and R; from Re, and P; and P; from P». 


17 These equations contain approximations of the type (1/(2K +5)) (1/(2K+1))~(1/QK 
+3))?, which are not very good for very low values of K. 
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According to Kramers’ theory of spin tripling in *2 states,* Eqs. (20) 


and (21) should represent the observed separations of the members of the 
triplets, at least for the smaller values of K. However, it was found that it was 
impossible to represent the data by using the same value of 3(€’— e’’) in both 
of the first two terms of Eqs. (20) and (21). The equations which best repre- 
sent the data for the (0,8) band, for low values of K, are: 


A — B/(2K + 3) — (7’ — y”)(K + 1) (23) 
A + B/(2K — 1) + (7’ — y")K (24) 


where A = —2.11, B= —10.83, and (y’—y’’) = +0.0150. Since there is at 


present no theoretical interpretation of this discrepancy, which also occurs 
in the *X,~ normal state of Oz,'® we cannot determine which one, if either, of 


two terms, A and B, represents the value of 3(e€’—e’’) in Kramers’ theory. 


Aoi 
As-3 


II 


4‘ 6 


39 : —— 


PAR RAR 


5 
~ 





fey 


Fig. 4. Energy-level diagram. (A). The vibrational levels of the upper and lower *& states. 
No levels with v’ >3 are observed. (B). The rotational levels of the upper state. This shows the 
values of K’ at which the bands are observed to break off. (C). A schematic representation of 
the structure of the rotational levels of the two *Z states. Only the levels associated with the 
lines R(K) and P(K) are shown. The separations of the actual levels from those which would 
exist if there were no spin are indicated qualitatively by the displacements of the full from the 
dashed lines. 


The curves in Fig. 3 represent graphs of Eqs. (23) and (24) with the ap- 
propriate values of the constants A, B, and (y’—y’’). These curves approach 
asymptotically the straight lines whose slopes are +(y’—vy’’) = +0.0150, 
and whose common intercept at K = —3 is A—3}(y’—vy’’) = —2.125. The 
difference between the ordinates of the straight lines and of the corresponding 
curves represents the value of the terms containing K in the denominator in 
Eqs. (23) and (24). The data for low K values are represented well within 
experimental error, but for large K the data deviate considerably from sym- 


18 R. T. Birge and H. H. Nielsen, unpublished work on the atmospheric oxygen bands. 
The writer is indebted to Professor Birge for the methods used in the determination of the con- 
stants A, B, and (y’— 7”). 
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metry about the horizontal line 6vy= —2.125 cm~', due undoubtedly to the 
fact that the energy of interaction of S* and the magnetic field generated by 
the rotation of the molecule deviates appreciably from the linear form assumed 
in setting it equal to y(K*-5S*)." 

The wave-number separations of the members of the triplets were plotted 
for all six bands with v’=0, and the constants A, B, and (y’—vy’’) were de- 
termined from them as accurately as possible. On account of the fact that 
overlapping prevented complete resolution of the branches at low K values 
for bands other than the (0,8), the constants obtained from these bands are 
undoubtedly less accurate than those obtained from the latter. 

A schematic representation of the structure of the rotational levels is 
shown in Fig. 4c. Only the levels associated with the lines R(K) and P(K) are 
shown. The displacement of the actual levels from those which would exist 
if the spin were absent is indicated qualitatively by the displacements of the 
full from the dotted lines. . 


VV. PREDISSOCIATION AND PERTURBATIONS 


An unusual feature of the bands under consideration, and one which has 
considerable theoretical significance, is the abrupt termination of the band 
system at a certain definite value of the initial vibrational quantum number, 
namely v’=3. It will be evident from the matrix diagram of Fig. 8 that no 
bands with v’>3 are observed. The phenomenon is analogous to that found 
in the emission bands of S:° and P2,?’ and has been shown to be the result of 
predissociation. Furthermore, the rotational structure of the individual bands 
is found in all of the SO bands to break off suddenly at a particular value of 
K’, the rotational quantum number in the upper state. This value is large 
for bands with v’=0, but decreases with increasing v’, and is very small for 
y’ = 3. 

The abrupt termination of the rotational structure of the (0,7) band is 
shown in Fig. 2d, while similar effects in the (2,2), (2,3), and (3,3) bands can 
be seen in Fig. 2c. The (3,3) band is extremely narrow, and so faint that it is 
difficult to observe on the enlargement, although it was easily visible on the 
original plates. Two other bands with v’ =3, which also present the same ap- 
pearance, can also be seen on the original plates. 

It has been shown by Bonhoeffer and Farkas,”! and by Kronig,” that, if 
the discrete energy levels of an electronic state lie above the dissociation limit 
of another electronic state, there is, according to the quantum mechanics, a 
certain probability that a molecule in one of these levels will undergo a radia- 
tionless transition to the other electronic state, and dissociate spontaneously. 
This transition must obey certain selection rules derived by Kronig, and, if 
the conditions of the Franck-Condon principle are fulfilled, the probability 


19 R. S. Mulliken, Rev. Mod. Phys. 2, 105 (1930) and references given there, especially J. 
H. Van Vleck, Phys. Rev. 33, 467 (1929). 

20 G. Herzberg, Nature 126, 239 (1930). 

21 K. F. Bonhoeffer and L. Farkas, Zeits. f. Physik Chem. (A)134, 337 (1927). 

2 R. de L. Kronig, Zeits. f. Physik 50, 347 (1928); 62, 300 (1930). 
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that such a transition will occur may be very great. In this case, the life- 
time of the molecule in the discrete levels can become comparable with, or 
smaller than, the period of nuclear rotation. Accordingly, if these levels be- 
long to the upper electronic state, the lines involving them will be diffuse in 
absorption, and either faint or absent in emission. This phenomenon is known 
as predissociation.”® 

Since the vibrational levels are spaced on a larger scale than the rotational 
levels, predissociation usually shows itself in absorption by the fact that the 
bands of the v’ progressions become diffuse at a certain value of v’, as was 
first observed in the S.*4 spectrum. In emission, the same band progressions 
will terminate abruptly at this value of v’. The energy of this critical level 
represents, in some cases, the dissociation limit of the state which is causing 
the predissociation, and hence the phenomenon permits an evaluation of the 
heat of dissociation of the molecule. When the rotational structure is well 
resolved, as in the present case, observations on the exact value of the rota- 
tional quantum number at which the break occurs may lead to a very precise 
value of the heat of dissociation, and also give information of a new type con- 
cerning the mechanism of the process. The only case of this kind which has 
heretofore been studied is that of P2,*° where the resolution is less complete, 
and the details have not yet been published. 

The K’ values* of the last lines of the bands with v’ =0, and v’ =1, were 
found by application of the combination principle to be 66 and 53 respec- 
tively. However, the rotational levels for v’=2 were too much perturbed, 
and those for v’=3 too few, to permit an analysis of the rotational structure 
of bands involving these levels. Accordingly , the K’ values of the last lines 
of these bands were determined from the wave-number difference between 
the head and last line of the band in question by means of Eq. (10), where 
B,' and B,'’ were obtained from Eq. (14). These values of K’ were found to 
be 39 for v’ =2, and 6 for v’=3, but may be in error by one or two units. 

The observed energy levels of the SO molecule are shown in Fig. 4; (A) 
shows the vibrational levels of both states, and (B) shows the rotational 
levels of the upper state. The rotational levels for different values of v7’ break 
off not only at different K values, but also at different energy values, and the 
energy at which the break occurs decreases with increasing v’. According to 
the interpretation of this effect given below, the term value at which the 
v’ =3 levels break off (41,520 cm~) probably corresponds to dissociation of 
the lower electronic state. Linear extrapolation of the vibrational levels of the 
lower state gives 51,620 cm~'! as the term value corresponding to dissociation. 
However, it is well known that this extrapolation practically always leads to 
values which are considerably too large.” 


** For a general discussion of predissociation, see G. Herzberg, Erg. exakt. Naturwiss. 10, 
207 (1931). 

*V. Henri, Jour. Phys. Rad. 3, 181 (1922); Structure of Molecules (1925). 

** The use of K, instead of J, is justified by the fact that the three energy levels for a given 
K are much closer together than those with the same J. 

*° R. T. Birge, Nat’l. Research Council Bulletin on Molecular Spectra, (1926). 
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The oxygen atom and the sulphur atom each have a*P normal state and a 
1D first excited state. The energy of excitation of this 'D state of oxygen is 
given by Frerichs”’ as 1.95 volts, and that of sulphur is estimated by Christy 
and Naudé** as 1.60 volts. Linear extrapolation of the vibrational levels of 
the excited state of SO leads to 56,840 cm~! as the term value corresponding 
to dissociation of this state. If the convergence limit 41,520 cm is subtracted 
from this limit at 56,840 cm~'!, we have 1.89 volts as the energy of atomic ex- 
citation. Although linear extrapolation of the levels of the excited state is 
especially untrustworthy in view of the fact that so few levels are observed, 
and that these levels may be perturbed, it seems probable that 1.89 volts is 
too high; therefore, we may assume that the sulphur atom is excited, and 
that 1.60 volts represents the energy of excitation. In this case, the dissocia- 
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Fig. 5. Potential energy curves of the SO molecule. Curves A and B represent the two 
known * states, and are plotted according to Morse’s equation. Curve C (*I1) has been assumed 
in order to account for predissociation. 


tion limit of the excited *= state is at about 54,400 cm™', instead of 56,840 
cm~!, as obtained by linear extrapolation. Since this 'D level is the first ex- 
cited atomic state upon which the upper *= state of the molecule can be built, 
the dissociation limit at 41,520 cm~! must represent dissociation into two 
normal *P atoms, and, therefore, dissociation of the normal state of the SO 
molecule. 

Potential energy curves for the known states of the SO molecule are 
shown in Fig. 5; curves A and B represent the upper and lower *> states for 


27 R. Frerichs, Phys. Rev. 36, 398 (1930). 
*8 A. Christy and S. M. Naudé, Phys. Rev. 37, 903 (1931), obtained the value for S by inter- 
polation from the known values for O, Se, and Te atoms. 
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the observed bands, and are plotted according to Morse’s”® equation, while 
curve C must be assumed in order to account for predissocation. The elec- 
tronic states represented by A and B are both *Z, and probably both *Z~, 
since this is the case in Og and Se. The molecule in state B is built of two*P 
atoms, and in state A of a *P and a 'D atom. Since 'D is the lowest excited 
atomic state, the molecule in state C, in order that C may cause predissocia- 
tion, must also be built of two *P atoms. The possible electronic states of a 
molecule composed of two dissimilar *P atoms are :*° two 'S*, 'S~, two 'Il, 'A, 
two *X*,°S~, two ‘Il, *A, two ®X*, *=-, two Al, and ‘A. The selection rules for 
a radiationless transition of a molecule composed of two dissimilar atoms, as 
given by Kronig,” are: AA=0, +1; AY and AS=0; AJ =0; the transition can 
occur only between two rotational levels which are both positive or both nega- 
tive. Accordingly, of the electronic states listed above, the only ones which 
can interact with the upper *2~ state are the ‘II and the *~ states. In addition 
to Kronig’s selection rules, there is another requirement which must be ful- 
filled for two electronic states to be able to interact to any noticeable degree ,*° 
the potential energy curves of the two states must approach each other very 
closely. As shown in Fig. 5, the curves for the two *=~ states are everywhere 
well separated; hence these states cannot interact enough to cause predisso- 
ciation. Therefore, the interacting state must be *II. 

Herzberg” has suggested that the decrease with increasing v’ of the term 
value at which the rotational levels break off, which was also observed in 
P2,* is an effect of rotation of the molecule, and that an explanation is to be 
found by an application of the same principles which Oldenberg used to inter- 
pret the dissociation by rotation alone which occurs in the HgH bands.*! 

If we represent the potential energy of the molecule by U(r), the force 
acting on the nuclei is given by U’(r), the derivative of U(r) with respect to 
the internuclear distance r. If the molecule is allowed to rotate, but not vi- 
brate, it will expand to a new equilibrium position, such that the centrifugal 
force is equal to the attractive force; then p?/ur’ = U'(r), where p is the angu- 
lar momentum of the nuclei, and yu is their reduced mass. If the molecule then 
vibrates about this new position of equilibrium, with constant angular mo- 
mentum, it will be acted upon by a restoring force U'(r) — p?/ur*. This force 
can be represented by the derivative with respect to 7 of the expression 
U(r) +p*/ 2ur*. The expression p*/ 2ur? is equal to the kinetic energy of rotation 
of the molecule; or 


T(r) = p?/2ur? = BK(K +1) + DK°(K + 1)24+--- (25) 


Hence, with the assumption that the angular momentum is constant, 
U(r)+T7 (r) is an “effective” potential energy, and has the same meaning for 


29 P. M. Morse, Phys. Rev. 34, 57 (1929). 

8° R. de L. Kronig, Band Spectra and Molecular Structure (Cambridge), (1930); R. S. Mul- 
liken, Rev. Mod. Phys. 4, 1 (1932); E. Wigner and E. E. Witmer, Zeits. f. Physik 51, 859 (1928). 

31 Q. Oldenberg, Zeits. f. Physik 56, 563 (1929). In the case of the HgH bands, the effect 
was due entirely to dissociation by rotation of the molecule in the lower electronic state, while 
in the present case, a radiationless electronic transition is involved, 
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a vibrating and rotating molecule that U(r) has for a molecule which is vi- 
brating, but not rotating. 

As required by the Franck-Condon principle, 7(r) must be added to the 
U(r) curve of each of the interacting states, and a radiationless transition 
can occur between only those U(r)+7(r) curves which have the same 7(r) 
(i.e., same angular momentum). Accordingly, the shape of the *II curve de- 
termines the intersections of its U(r)+7(r) curves with those of the upper 
‘> state, and, therefore, the term values at which the rotational levels break 
off. If the ‘II state is assumed to be repulsive for all values of 7, as Christy 
and Naudé** assumed for So, the decrease with increasing v’ of the term value 
at which the rotational levels break off would be much greater than is ob- 
served. In order to satisfactorily explain the observed facts, it was necessary 
to assume a shallow minimum in the ‘II curve, as shown in Fig. 5 (curve C). 
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Fig. 6. Effective potential energy curves for the *Il and upper *S states for various amounts 
of rotation. The dashed curves represent the kinetic energy of rotation of the molecule, T(r) 
=p ur, for the K values indicated. Curves 2, 3, and 4 are obtained by adding the dashed 
curves to curve 1. Curves B, C, and D are obtained from A similarly. The horizontal dashed 
line, according to our interpretation, corresponds to the energy of dissociation of the “II and 
lower *S states. 


In Fig. 6, U(r)+7(r) curves are plotted for states A (upper *2~) and 
C@II) of Fig. 5 for the four values of K’ at which the rotational levels for the 
different values of v’ are observed to break off. The dashed curved lines repre- 
sent graphs of 7(r) =p*/2ur*, where p, for a given K’, has been evaluated 
from Eq. (26) by using B,.’, D,’, and r.’. Curves 1 and A of Fig. 6 corre- 
spond to curves A and C of Fig. 5 respectively, but are on a much larger 
scale. Curves 1 and A have also been taken to represent U(r)+7(r) for K =6, 
since 7(r), in this case, is negligibly small for the values of r with which we 
are concerned here. Curves 2, 3, and 4 are obtained by adding the dashed 
curves (7(r)) to curve 1 (U(r)); curves B, C, and D are obtained from A 
similarly. The horizontal dashed line represents the term value at which the 
rotational levels for v' =3 are observed to break off. 

If the molecule is in the upper *~ state, and is rotating with K =6, its 
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potential energy is represented by curve 1, and, if in addition it is vibrating 
with v’=3, it has an energy corresponding to the horizontal dashed line. 
Accordingly, as the molecule vibrates along curve 1, it can undergo, at the 
points of intersection of 1 and A, an electronic transition, without any change 
of internuclear distance and momentum, from *Z~ to ‘II, and begin vibrating 
along curve A. Since the molecule has sufficient energy, it vibrates along A to 
large r and dissociates. If K’ =66, the molecule vibrates along curve 4, and 
can undergo a transition to curve D at the point of intersection. In this case, 
only the vibrational energy corresponding tov’ =0 is required for the molecule 
to be able to pass the hump at large 7 in curve D and dissociate. 

The Franck-Condon principle allows only the following transitions be- 
tween the curves shown in Fig. 6: 1 to A, 2 to B, 3 to C, and 4 to D. These are 
the transitions which the molecule undergoes when it dissociates with v’ =3, 
2, 1, and 0, respectively. If the molecule has only the vibrational energy cor- 
responding to v’ =0, then, in order to dissociate, it must also have rotational 
energy corresponding to K'’=66. For K’'>66, the molecule can also disso- 
ciate, and, if the probability that this will occur is sufficiently great, spectrum 
lines involving these levels will not be observed in emission. A similar argu- 
ment applies to the other vibrational levels. 

The fact that the height of the hump at large r in the U(r)+7(r) curves 
of the ‘II state increases with increasing rotational energy requires the total 
(vibrational plus rotational) energy necessary for predissociation to increase 
with decreasing vibrational energy. Accordingly, the rotational levels for 
v’ =0 break off at a term value greater than those for other v’ levels by just 
the difference in the heights of the humps in the corresponding U(r) +7 (r) 
curves of the “II state. If we assume that the “II state has the U(r) curve 
shown in the figures, the agreement between the heights of these humps and 
the term values at which the rotational levels for the various values of v’ are 
observed to break off is quite satisfactory. 

As mentioned above, the ‘II state cannot be repulsive for all values of 7, 
because its U(r)+7(r) curves would then intersect those of the *{~ state 
with the same angular momentum considerably above the dissociation limit 
of the *II state (except for small angular momentum), with the result that the 
decrease with increasing v’ of the term value at which the rotational levels 
break off would be much greater than is observed. In order than an appreci- 
able interaction between the ‘II and upper *=~ states shall occur, the poten- 
tial energy curves for these states must intersect.”* Accordingly, the minimum 
in the *II curve must occur at large r and be shallow, which means a low fre- 
quency of vibration. As drawn in the figures, the curve obeys the empirical 
rule of Morse :?° w.7.3~3000 X 10-*4 cm?. 

A further indication that the “II curve has a shallow minimum is given 
by the observed perturbations of the rotational levels of the upper *2~ state. 
Since perturbations of the type observed in the present case are the result of 
interaction of two electronic states which have discrete levels of nearly the 
same energy, they indicate, as shown below, that the *II state cannot be re- 
pulsive for all values of r. 
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Only a few of the rotational levels for v' =0 are perturbed; these perturba- 
tions consist of displacements of only a single level from its expected position. 
The only noticeable perturbations occur at K’=53 and 61, where the Fy 
levels only are displaced from their expected positions. The perturbation at 
K’=61 can be seen in Fig. 2d; it occurs in the P2 branch in the sixth member 
from the right of the figure, and in the R, branch in the second member from 
the left. This type of perturbation indicates that the levels of the perturbing 
state are spaced quite differently than those of the perturbed *>~ state. 

The rotational levels for v’=1, however, are considerably perturbed. Fig. 
2e, is an enlargement of part of the (1,4) band, and shows very clearly the 
irregularities of the rotational structure. As can be seen in the figure, the lines 
occur in distinct groups, where each group is composed of the lines P(K) and 
R(K +5). The difference in appearance of successive groups is so great, how- 
ever, that it is impossible to distinguish the R from the P lines by inspection. 
The identification and proper numbering of the lines in terms of K‘’ were 
obtained from term differences for the lower electronic state. 





M 
Fig. 7. Perturbations in the rotational structure of the 1,4 band. The ordinate represents 
the difference between the observed wave numbers of the lines and the wave numbers calcu- 
lated from a formula of the type, »=a+bM+cM*?+dM®*. The circles and triangles refer to 
R and P lines, and the full and dashed curves represent the general course of the R and P 
branches, respectively. M is equal to K’’ for the P branches, and to K’’—5 for the R branches. 
The band is quite regular up to K’ = 23 ,but thereafter the perturbations are complex. 


Any regularities which are present in the band can be discovered by fitting 
the edges of the groups to an equation of the type vy =a+bM+cl?+dM, 
where JM is an integer. The differences between the observed wave numbers 
of the lines and the wave numbers calculated from this equation are shown in 
Fig. 7 as ordinate with M as abscissa. M is equal to K’’ for the P branches 
(represented in the figure by dashed lines), and K’’—5 for the R branches 
(solid lines). The similarity of the curves for the R and P branches is appar- 
ent. For K’’ <23, the band is fairly regular, but, for K’’ >23, the perturba- 
tions are large and complex. Because of this complexity, only the general 
course of the branches is represented by the curves in this region. 

The rotational levels for v’=2 are so much perturbed that an analysis of 
the structure of bands involving these levels could not be made. Similarly, 
nothing can be said concerning perturbations of the levels for v' =3, since 
only about 6 rotational levels are present, and the bands are very weak. 
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Since the rules governing states which can interact to cause perturbations” 
are identical with those for predissociation, the only states which can perturb 
the upper *S~ state are the “Il and lower *S~ states, however, the potential 
energy curves of the *X~ states do not approach each other very closely; it 
therefore seems very improbable that these states could interact enough to 
cause perturbations of the magnitude observed. Hence the *II state must be 
causing the perturbations. If this is the case, its potential energy curve, as 
stated above, must have a minimum. That the minimum is shallow is indi- 
cated by the fact that there are no perturbations of levels whose term values 
are less than that corresponding to v’=1, K’=23, while above this point 
there are many. It should be mentioned that it is possible, although it does 
not seem probable, that some other molecular state built on a normal and an 
excited atom is causing the perturbations. 

Since both the perturbations and predissociation observed in the rota- 
tional structure require the “II potential energy curve to have a shallow mini- 
mum, the curve must lie approximately as drawn in the figures. In this case, 
one would expect to observe discrete bands resulting from transitions from 
the *II state to the lower *S~ state. However, the molecule in this “II state 
would spend most of its time at large values of 7; therefore, the most intense 
bands would occur at longer wave-lengths than those of the *X~, *X~ system. 
These bands have not been observed. Perhaps the continuum underlying the 
observed bands is an indication of the presence of this state. 

Herzberg™ has pointed out that the abruptness of the termination of the 
Lands is an indication of the accuracy with which heats of dissociation can 
be determined by this method. If the bands terminate very abruptly, as in 
the present case, a very good value of the energy of dissociation can be ob- 
tained. According to the above interpretation of predissociation of the SO 
molecule, the term value at which the rotational levels for v'=3 break off 
corresponds to dissociation of the normal state. If the energy of dissociation 
is measured from the v’’ =0 vibrational level, it is calculated from the relation 


D" = vy, — Gol’ + Go’ + AGy + AGiy’ + AGey’ + F’-3(6) (26) 


to be 5.053+0.001 volts. (See next section for the values of these terms, 
except F..-3’ (6), which is calculated from Eq. (5).) This result for D’’ is 
considerably less than the value 6.42 volts obtained by Henri and Wolff by 
linear extrapolation of the vibrational levels. The uncertainty of 0.001 volt 
in our value is due principally to inaccuracy in the determination of the value 
of K’ at which the rotational levels for v'=3 break off. Provided our inter- 
pretation of the phenomenon is correct, the accuracy of this value of the 
energy of dissociation of SO is equal to that of the most precise determination 
of energy of dissociation by any method, namely the spectroscopic value 
for Ip.** 

If we assume that the excited *Z~ state is built on a normal oxygen atom 
and a sulphur atom excited with 1.60 volts of energy, its energy of dissocia- 
tion, measured from the v’ =0 vibrational level, is 1.83 volts. The ‘II state, 


® W. G. Brown, Phys. Rev. 38, 709 (1931). 
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according to our interpretation, has an energy of dissociation of the order of 
0.2 volt. 


VI. VIBRATIONAL STRUCTURE 


The wave-lengths and estimated intensities of the band heads are given 
in the vv’ ’ diagram in Fig. 8. These values were taken from the work of Henri 
and Wolff.’ The fact that the left and upper sides of this diagram are sharply 
bounded by fairly intense progressions is a good indication that this assign- 
ment of vibrational quantum numbers is correct, although the assignment of 
v’ is more certain than that of v’’. The solid curve is drawn through the most 
intense bands of the system, and thus indicates the observed most probable 
changes of the vibrational quantum number. The dashed curve represents 
the most probable changes predicted by an application of the Franck-Condon 
principle, using potential energy curves plotted according to Morse’s equa- 
tion. The agreement between the two curves is as good as could be expected, 











Fig. 8. This v’v’’ matrix diagram gives the wave-lengths and estimated relative intensities 
of the heads of the bands of the SO spectrum. These values are taken from the work of Henri 
and Wolff. The solid curve is drawn through the most intense bands of the system, and thus 
indicates the observed most probable changes of the vibrational quantum number. The dashed 
curve indicates the most probable changes predicted by an application of the Franck-Condon 
principle, using potential energy curves plotted according to Morse’s equation. 


in view of the fact that the predicted values were determined from classical, 
instead of wave-mechanical, transition probabilities, and that the observed 
intensities are merely visual estimates of photographic density. The rapid 
decrease of plate sensitivity at the short wave-length end of the spectrum 
is probably responsible for the fact that, in this region, the observed curve 
lies below and to the right of the predicted curve. 

Henri and Wolff obtained values of w,’’, w,.’, and x,’'w,’’, but, due to in- 
accuracies of measurement, could not get the value of x,’w,’. In the present 
work, the origins of the six bands of the v’ =0 progression which were meas- 
ured were calculated by means of Eq. (9), using the Re branches. (In this 
calculation, the constant A of Eqs. (23) and (24) was arbitrarily taken to 
represent the value of 3(€’—e’’).) From these origins, the values of w,’’ and 
x,''w,’’ were determined with much greater accuracy than is afforded by 
measurements of band heads only. The wave numbers of the origins and the 
vibrational term differences, AG,’’, are given in Table III. The differences, 
AG,’ observed, were fitted to the equation: 


AG,” = w."" — 2x./w."(v" + 4), (26) 


using least squares formulas. The values thus obtained are: w,’’ =1123.73 
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+0.24 cm, and 2x,''w., = 12.232 +0.034 cm~'. The values of AG,’’ calcu- 
lated from Eq. (26) are recorded in Table III as AG,"’ calc., and the differ- 
ences between the observed and calculated values are given as O— C. 

Due to perturbations of the rotational levels, it was not possible to de- 
termine accurately the origins of bands with v’ >1. Therefore, in order to ob- 
the values of w,.’ and x,’w,’, it was necessary to use measurements of band 
heads. Table III also gives the wave-lengths and wave-numbers of the heads 
of the bands used for this purpose, and the values of AG,’. 


TABLE III. Band heads, band origins, and vibrational term differences. 




















Band yo cma AG,"’ Obs. AG," Cale. O-C 
(0, 4) 34736.31 
1062.62 1062.57 +0.05 
(0, 5) 33673 .69 
1050.20 1050.34 —0.14 
(0, 6) 32623 .49 
1038.28 1038.10 +0.18 
(0, 7) 31585 .21 
1025.74 1025.87 —0.13 
(0, 8) 30559 .47 
1013.69 1013.64 +0.05 
(0, 9) 29545.78 
Band A T.A. = », cma AG,’ Band \. I.A. vn, cma AG,’ Av. AG,’ 
(0,3) 2791.33 35814. (0, 4) 2877.66 34740.4 
617.5 617.3 617.4 
(1,3) 2744.02 36432. (1, 4) 2827.41 35357.7 
606.3 605 .6 606.1 


(2,3) 2699.10 37038. 
(3,3) 2655.64 37644. 


(2,4) 2779.79 35963.3 
606.1 


qo uu NOUN 














The fact that the values of AG,’ for the v’’ =3 progression are not linear 
shows that at least one of the upper state vibrational levels is perturbed. 
Since the v’ =3 level is very close to the dissociation limit of the lower state, 
it was considered as more likely to be perturbed than any of the others. 
Therefore, only the values of AG,’ obtained from the levels with v’ =0, 1, and 
2 were used in the determination of the vibrational constants of the upper 
state. In getting the average AG,;,’ = 606.1, the value 606.3 was given greater 
weight than 605.6, since the position of the head of the (2,4) band was diffi- 
cult to measure. The average AG,’ values thus obtained give w,’=628.7 
cm~!, and 2x,’w,.’ =11.3 cm~'. Because of the fact that these were obtained 
from only two values of AG,’, no probable error for them can be given, al- 
though it seems quite likely that they may be in error by a few tenths of a 
wave number. 

The vibrational term values of the upper state are given by: 


G,’ = 628.7(v' + 3) — 5.65(v’ + 4)? (27) 


and those of the lower state by: 


G,"” = 1123.73(0” + 3) — 6.116(v” + 4)°. (28) 
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The origin of the band system was calculated from the relation v,=vro 
+G,’’—G,', where vo represents the origin of the (v’, v’’) band, and G,’ and 
G,’’ are obtained from Eqs. (27) and (28). The average v, obtained from the 
seven bands investigated is 39356.3 cm™. 

The writer takes this opportunity to express his sincere appreciation of 
the invaluable suggestions given to him by Professor F. A. Jenkins, under 
whose supervision this investigation has been conducted. 
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The paramagnetic susceptibilities of the salts of the rare earth elements Pr and 
Nd are considered on the assumption that it is permissible to represent the potential 
of the electric field of the atoms surrounding the metallic ion by a Taylor's expansion. 
This amounts to applying to the whole crystal the method of the “self-consistent 
field,” and consequently neglects exchange effects between different crystal atoms. 
Hund has calculated the susceptibilities on the assumption that the ion can be re- 
garded as free and that the multiplet intervals are so large compared with &T that 
only the lowest level need be considered. The introduction of an electric field causes a 
splitting of the levels and a redistribution of magnetic moment, with a consequent 
change in the susceptibility. The theoretical interpretation of the Curie-Weiss law 
x =C (T+) is considered. At temperatures so high that &T is large compared with 
the splitting produced by the crystal field, the susceptibility can be expanded in the 
form of a series of inverse powers of 7°. It is shown that the susceptibility of a crystal 
powder, or the average susceptibility over all directions in a single crystal is of the 
form x=C/T+C,/T*+ +--+ the term in 1/7? vanishing rigorously. Thus at suffti- 
ciently high temperatures, the susceptibility of a crystal powder obeys the simple 
Curie law up to and including terms in 1/7*. However, the curious result emerges 
that at ordinary temperatures kT is of the same order as the energy separations pro- 
duced by the crystal field, and the behaviour of the susceptibility actually simulates 
the Curie-Weiss law closely over a large range of temperatures. The hydrated sul- 
phates of Pr and Nd are considered in detail. Excellent agreement is obtained with 
the experimental results of Gorter and de Haas for the variation of susceptibility with 
temperature on the assumption that the crystal field has cubic symmetry, and can 
be represented by a potential D(x'+y'+:'). In this connection the matrix elements 
of the squares and fourth powers of the coordinates for a many-electron system are 
given. The over-all splitting produced by this field in the hydrated sulphates is 389 
cm for Pr and 834 cm for Nd, the detailed appearance of the energy spectrum be- 
ing shown in Fig. 1. A comparison of the constant D in the two cases gives a value for 
Nd nearly four times that for Pr. 


HE theory of paramagnetic susceptibilities as developed by Van Vleck! 
and others has been applied with considerable success to the calculation 


of the Curie constants of salts of the rare earth group on the assumption that 
it is legitimate to regard the metallic ion as free. At ordinary temperatures, 
the theory then leads to an expression for the susceptibility of the Curie form 


x=C/T. Experimentally the Curie-Weiss law 


where A is a constant over a wide range of temperature, frequently gives a 
good representation of the results. It very often happens that at extremely 


* Commonwealth Fund Fellow. 
1 J. H. Van Vleck, Theory of Electric and Magnetic Susceptibilities, Oxford, 1932. 
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low temperatures, neither law will fit the experimental measurements. It has 
been suggested” that the deviations from the simple Curie law are due to the 
influence of the electric fields of the surrounding ions, which remove, wholly 
or partially, the spatial degeneracy of the energy levels of the free ion, thereby 
modifying both their positions and magnetic moments. Fields of this nature 
have already been postulated by Becquerel* and by Kramers,‘ in connection 
with the Zeeman effect and paramagnetic rotation in crystals, while Bethe® 
has worked out by group theory the energy spectrum of ions in fields of 
various symmetries. In an ionic crystal, such as nickel chloride, it seems likely 
that the crystal field will have the same symmetry as the crystal, but in a 
molecular crystal, such as hydrated Pr2(SO,4)3, there is no reason why this 
should any longer be true. In the absence of definite knowledge of the electric 
field to which an ion in a given crystal is subject, the only possible procedure 
is to find the simplest field which will give agreement with the experimental 
results. 

Although considerable experimental material is available, it is not as com- 
plete as could be desired; in particular, accurate measurements at different 
temperatures on single crystals are lacking. From the calculations given be- 
low, there seems to be no doubt that the mechanism of crystal fields is compe- 
tent to account for all the observed results. A summary of the results obtained 
for Pr, Nd, Ni, and Cu has been given in a Letter to the Editor.® In the pres- 
ent paper an attempt is made to calculate the magnitude of the electric 
fields necessary to account for the experimental variation with temperature 
of the susceptibility of the rare earth elements Pr and Nd. In a second com- 
munication we shall present the calculations for Ni, Co and Cr while those for 
Cu will be given by Mr. Jordahl. We have considered only crystals of high 
magnetic dilution. This is necessary in order that the influence of exchange 
may be neglected. It has been found possible in these cases to represent the 
variation of susceptibility over a wide range of temperature by an equation 
of the form (1) although as will be discussed more fully below, this arises in a 
peculiar way, and also to account for the deviations from (1) which occur at 
very low temperatures. 

The majority of measurements have been made on crystal powders, so 
that the observed value of A represents an average over all the directions in a 
single crystal. In such cases, the simplest assumption is that of a cubically 
symmetric field, and this involves only a single parameter which must be 
chosen to fit the experimental average A. With Pr and Nd it proves that a 
cubic field is adequate to account for all the features which have been ob- 
served up to the present. It is possible to fit the experimental curves very 


2 Reference 1, Chap. IX. 

3 J. Becquerel, Zeits. f. Physik 58, 205 (1929). 

4H. A. Kramers, Proc. Amst. Acad. 32, 1176 (1929). 

5H. Bethe, Ann. d. Physik 3, 133, (1929); Zeits. f. Physik 60, 218, (1930). 

®* OQ. M. Jordahl, W. G. Penney and R. Schlapp, Phys. Rev. 40, 637 (1932). The affix +++ 
for Pr and Nd, and ++ for Ni, Co, Cu, is to be understood throughout where the symbol of 


the element refers to the ion. 
* 
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well, but owing to a discrepancy of some 16 percent in the absolute magnitude 
of the susceptibility as measured by different observers,’ more refined cal- 
culations seem out of place. However, when more detailed experimental data 
are available it may be necessary to introduce fields of lower symmetry to ob- 
tain agreement with experiment. 

One may classify crystal fields as strong or weak according as they are 
able or unable to break down the coupling between the total orbital and spin 
angular momenta. It is assumed that the fields are never strong enough to 
break down the coupling between the individual orbital or individual spin 
angular momenta. Thus the crystal field is strong or weak according as it 
produces a splitting of energy levels which is large or small compared with 
the multiplet separation. The criterion that the ion can be considered as free 
is that the work required to turn over the ion against the influence of the 
crystal field should be small compared with k7. For the rare earths, it has 
been shown that the magneton numbers calculated on the assumption that 
the ions are perfectly free agree closely with the observed values, indicating 
that the crystal fields are weak. For the iron group, on the other hand, the 
fields are so strong that the contribution of the orbital angular momentum to 
the susceptibility is very much less than it would be for the free ion, although 
the spin may still contribute its full amount. This difference in the crystal 
fields is in harmony with the fact that in the rare earths the 4f electrons caus- 
ing the paramagnetism are much more completely screened from outside in- 
fluences than the 3d electrons of the iron group. Our quantitative results are 
in excellent accord with the theory of Van Vleck and it was at his suggestion 
that the detailed calculations given in this paper were made with the object 
of testing numerically the general predictions of the theory. 


THE ConstTANT A FOR THE RARE EARTHS 


The fundamental expression for the susceptibility is 


V ew 
i lacie iat eee ae W/kT o—W/ al 2) 
. Hl aon ile, ( 


the summation extending over all levels. Here // is the magnetic field, NV 
Avogadro’s number, and W the energy levels in the presence of the magnetic 
field. Let us assume that a certain number of the levels form a group having 
a range of energy much smaller than k7, while the other levels are all so far 
distant that on account of the Boltzmann factor, their contribution to the 
susceptibility can be neglected. This state of affairs would presumably be 
realized in the rare earths at high temperatures, the “low-frequency” group 
comprising the components into which the lowest multiplet level is split by 
the crystal field, the components of the other multiplets being much higher. 
Let us take as origin the center of gravity of the low frequency group. Then, 


7 The magneton numbers for the salt Nd2(SO,);-8H,O at room temperatures according to 
different observers are as follows: Cabrera 18.00, Gorter and de Haas 16.68, Zernicke and 
James 17.50. The susceptibility is proportional to the square of the magneton number. 
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if we neglect sa,uration, i.e., retain only the part of x independent of H7, we 
find 
x = C/T+C,/T*+--: 


where 


6H(27 +k 





ay? 
ye 
= \ 2kH(27- +1), Ci = 


Thus to the approximation which neglects terms in 1/7* and beyond, the 
constant A in the empirical formula (1) is given by 


3 
te ee sr / oe, 
OH 
We shall now show that under the assumptions stated above the value of the 
constant C is independent of the direction of the magnetic field, and that the 
susceptibility averaged over three perpendicular directions follows the law 
x=C/T+C./T*+ - - - the term in 1/7? being absent. The Hamiltonian is of 
the form 3 =%)+35’ +77, where 3, is the Hamiltonian of the free ion, 3C’ 
is the potential of the crystal field, and 3(, is the component of the magnetic 


moment 6(1+25S) in the direction of the magnetic field. Using the property 
of the invariance of the spur we have 


> dW2/0H = Sp(0/dH)(Ko + HK’ + HR,)*. 


The spur of (3€0o+5C’)3; vanishes, since the terms contributing to this spur 
have equal and opposite values for +, so that the above expression is equal 
to 2HSp%,*. Here Sp denotes summation over the elements diagonal in a 
given value of J and in all possible values of WZ. Since the multiplet width is 
large compared with kT we are concerned only with those elements of the 
magnetic moment 3(; which are of the low frequency type, i.e., diagonal in J, 
the contribution of the off-diagonal elements to the susceptibility being inde- 
pendent of the temperature. Now Sp 3,?=g°6?J(J+1)(2J+1)/3 so that the 
constant C has the Hund value Ng?8?J(J +1) /3 for all directions of the mag- 
netic field. 

The value of C, for a crystal powder is the average of the three values ob- 
tained when the magnetic field acts along the three axes x, y, z ,respectively. 
By an argument similar to that just given, we can show that the average C, 
so defined vanishes. If we denote summation for three perpendicular direc- 
tions of the magnetic field by 2). the average is proportional to the term 
independent of H in (1/77) an > oW?/dH where the second summation 
extends over all the levels W in the lowest multiplet level. Using the property 
of the invariance of the spur, we have 


ows 1 
ae Ee 
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We may replace a Ki? by (ue2tuy?tu)(J, M; J, AD) =g?8?J(J+1) 
(27+1) where u.u,u- are the three components of the magnetic moment. Since 
this is independent of ./, it may be taken outside the Sp sign, so that the 
mean value of C; is proportional to 


6¢g*3°J (J + 1)(2J + 1) Sp(Ho + X’). 


Since we have chosen the origin of energy at the mean centre of the unper- 
turbed levels, Sp (30o+5’) =0, and therefore the average value of C; van- 
ishes. Since we have shown that the value of C is independent of the direction 
of the magnetic field, and since A= —C, C, this may be expressed by saying 
that A for a crystal powder vanishes, and hence, neglecting terms of order 
1, 7°, the susceptibility obeys the law x = C/7.° It must be borne in mind that 
in deducing this result we have assumed kT large compared with the splitting 
produced by the crystal field. However, from our calculations it appears that 
kT is of the same order as this splitting at ordinary temperatures. Under these 
conditions, it is no longer permissible to expand the exponentials as we have 
done, and on substituting the exact values, deviations from the law x =C, T 
appear of such a kind that the susceptibility can be represented with con- 
siderable accuracy by a formula of the type x =C/(7+A), where A is ap- 
preciably constant over a wide range of temperature. It is to be hoped that 
experimenters, after having devoted so much attention to these mysterious 
A’s will not be disappointed to find that in a sense they do not exist at all, 
at least for highly hydrated salts. At very low temperatures there are further 
deviations, and these will be discussed later. 


THE POTENTIAL OF THE CRYSTAL FIELD 


Each ion is supposed to be subject to an electric field of force represented 
by a potential V of the form 


V = Ax? + By? + Cz? + 0(3) + 0(4) + - - - 


inasmuch as the first order terms vanish. If the field has cubic symmetry the 
first nonvanishing terms are of the fourth order; with rhombic symmetry the 
quadratic terms do not vanish and it is sufficient to consider these alone. The 
terms of any degree in the expansion of the potential V must satisfy Laplace's 
equation. For the quadratic terms this gives C= —(A+8). For cubic sym- 
metry, it is sufficient to write the potential 


V = D(xt + y* + 24) 


since this can be made to satisfy Laplace’s equation by adding a function of 
r® (vis. —3Dr'). This corresponds to superposing a spherically symmetrical 
field, and merely shifts all levels equally. 


’ This point was first noticed in a particular case. We are indebted to Professor Van Vleck 
for the general proof. Sommerfeld, Atombau und Spektrallinien I (1931) p. 558, mentions that 
Bethe has shown in unpublished work that at all but very low temperatures the susceptibility 
of a crystal powder is the same as that of the free ion, 
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Tue MAtrRIx ELEMENTS OF THE CRYSTAL FIELD 


We require the matrix elements of the squares and fourth powers of x, 
y and s, and shall retain only those elements which are diagonal in J. For a 
one-electron system they may be calculated by quadrature alone, using the 
usual form of the hydrogenic wave-function involving P; “(cos @). For our 
problem we shall however use the more general method given by Wigner,’ in 
which the 2/+1 wave functions Wy y, of the atom in the state J are expanded 
in the form Wy x =) D wn" (a, B, Y)xx7(g), where xx’(g) depends only on the 
relative positions of the electrons, and D wy (a, 8, y) is the matrix element of 
the ./-th row and A-th column of the (27+1)-dimensional representation of 
the rotation group. The arguments (a, 8, y) are Eulerian angles defining the 
spatial orientation of the atom. The coefficients Dy’ satisfy certain re- 
currence relations,®? by means of which it is possible, though somewhat la- 
borious, to express the quantities D 47 cos’8, D 4)” cos*8 etc., which occur in 
the integrands of the required matrix elements, as a linear combination of the 
quantities Dy”. The integration over all orientations (a, 8, y) is readily 
effected by means of the orthogonal relations holding between the coefficients 
Dw’ of a representation of the rotation group; the result is to give the 
matrix elements in the form of a factor involving /, multiplied by a factor 
depending on J and the x’s, with the possible addition of a constant inde- 
pendent of .\/. We find for the elements diagonal in J of the squares and 
fourth powers of the coordinates of the i-th electron the following values. 


24(M, M) 


y — 6M? + «M4 
xA(M, M + 4) 


vi(M, M + 4) 


(J—- MII +M+4/0 + MIU — M — 4)!]"2/16 
s2(MM) =¢+nM?, (x4 + y4)(M, M + 2) =0, 


x?(M, M+ 2) = — y(M, M + 2) 


n{J—-M—-1)J —-M)\J+ M410 + M 4+ 2))'7/4. 


Here y, ¢, €, 5, », are constants independent of 7, y and ¢ being merely ad- 
ditive. To define the values of €, 5, , we introduce the following abbreviations 


id 


(J — DIS + DV + 2) — 3)Q2F — I + 1) + 3) + 5), 
6J(J — 1) +1) + 2), b = — 10(6J2 + 6 — 5), 
c= 70, d = a(2J?+ 2 — 5), 


a 


e = — (72J4 + 144J® — 132J? — 2047 + 190), 
nae 


* E. Wigner, Zeits, f, Physik 43, 624, (1927) and correction in 45, 601, (1927). 


a(2J — 3)(27 + 1)(2J + 5)/3, g = — 3f/JU +1). 
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Then in terms of these 


> i) F(a + bd? + cd4)x2r,Adg, 
nN 
6 = > fre + ed? — bd4)x?r,Ad¢, 
, x 
n= DU frut gr?) x*ri7dg 
nN 


where we have written x? for x,’(g)xx’*(g) in the integrals. The matrix ele- 
ments so defined suffice to determine the elements A.J =0, +2 of x;*y,*s,°, 
and the elements A./=0, +4 of x;4v,42,4, which are all that we require, since 
x and y,;* occur only in the combination x;*+y,4 which has no elements 
AM = +2. From these we may pass to the matrix elements of > .x,2, > .xs, 
etc., occurring in the Hamiltonian, by using relations of the form 


Dox, M;J'M’) = nxAVJ, M; J'M’) 


assuming that the » electrons are all equivalent, which is the case in our 
problem. In this way we find for the matrix elements of }>.(x¢+yA+s,) 


(xt + vit + 34(VJ, M3 J, M) 
= K+ pM?{7M2+5- 67/3 4+1)} 
Dixit + yt + 24)J, MJ, M+ 4) 
=ho(JFMIJ+tM4+4!/0+ WI1U F M4!) 


(3) 


where K and pare independent of J. 

In order to obtain an idea of the relative magnitude of the constant D 
of the crystal field in different cases, it is necessary to examine the constants 
p and K in greater detail. Let us consider a two electron system such as Pr: 
the analysis can easily be modified for systems with a greater number of elec- 
trons. We will assume that L(=5) and S(=1) are good quantum numbers, 
these two combining to give the various multiplet levels J/( =4, 5, 6). We have 


xt + y+ sf = 3(7 sin‘ @ — 8 sin? @ + 4+ sin‘ @ cos 49). 


The term independent of ¢@ gives the matrix elements diagonal in J, while 
the term dependent on ¢ gives elements A.J = +4. 
Consider the sum S for one of the permissible J values 


S= YLi(xt+ y$ + 24V, M; J, M) (4) 
M 


where for brevity we have written x‘ for >> ;x,4 etc. Since all the wave func- 
tions for a given L and S have the same radial factor, the summation over J 
involves averaging (4) over a sphere. The result is clearly 

f°) 


w/2 
n(2J + 1) f 1(7 sint @ — 8 sin? @ + 4) sin eae J r®R?(r)dr 
0 


0 


S 


61(2J + 1)/5 
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with I= fo°r’R°(r)dr, n being the number of electrons, two in this case and 
R(r) the radial wave function of one of the two equivalent electrons. The 
quantity J is independent of J, L, M, S but it does depend on the total quan- 
tum number and the effective nuclear charge. For elements so similar in 
structure as Pr and Nd a good approximation is to assume J the same for 
both. A better approximation.-is to take into account the small difference in 
the effective nuclear charges. From the relations (3) and (4) it is immediately 
possible to eliminate the constant # in the matrix elements and we obtain 


—— 


(xt yt + o4)VJ, M; J, M) = 61/5 + ps [7 M4 + 5M? — 6JM?V + 1) 


5 
+ 3J - 1) + VU + 2)/5] ” 


the subscript J on p being used to denote that p depends on J. Transform- 
ing from the J, \/ system to the 7,, Ms system, we have from the invariance 
of the spur in the two representations 


D(xt + yt + 24) J, M3 J, M) = Do (xt + yt + 24)\(Mi, Ms; M1, Ms), (6) 
Jn 


Mr! ! 
\ Le 


with JJ = 1/,+ Ms, where the matrix elements on the right hand side of this 
equation can be obtained from (5) by, replacing py; by g, MW by MW ,and J by 
L. The quantity g depends on L, bit since we are considering only one value 
of L there is no need to indicate this dependence. 

If we take 1J =6, then J=6, 1J,=5 and Ws=1; Eq. (6) then determines 
ps in terms of g. By taking in succession 1J=5, 1 =4, it is possible to find 
ps and p, in terms of g. 

It remains now to determine g in terms of J. If we transform from the 
(L, S, M,, Ws) system to the (m;,, m1,, ™s,, Ms,) system, we have another 
spur relation, 


do(at + yt + 2\(L, S, Mz, Ms; L, S, Mz, Ms) 
“ (7) 
= } [Cait + yit + 214) (mz, ms,3 m2,, Ms,) + (ret + vot + Zot) (mz,, Me,; M1, Ms,) | 


miimi2 


with Ms=m,,+m,, and M,;=m,,+m),. There is no need to include i, s,, 
etc., since we are going to assume that these are always good quantum num- 
bers. Let us take 1/s=1; then we must have m,,=1/2, m,,=1/2. Further- 
more, if we take 1/,=5, the only possibility is L=5, just the value we re- 

. M y y ‘ , ] I . ~~ ] : f 4 4 a4 ° ) 
quire. Moreover, we can evaluate the matrix elements of (x*+ y*+2*)(m,; m, 
for a one-electron problem by quadrature alone. We find 


(xt + yt + 24)(mi; m) 
. 714 + 148 — 23/2 — 301 + 18 — 6]?m,? + 5m;? — 6lm;? + 7m/)4 
2(21 — 1)(21 — 3)(27 + 3)(21 + 5) 





— « 


Using this relation and the spur relation (7) one can obtain g and hence /, 
in terms of J. 
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Performing the calculations, we find for Pr 


ps = 149/33, ps = 24/3, ps = 219/11, (-4 = 1/10395 ) (8) 
and for Nd 


Pis => 33q ‘91, Pis e = 69/13, Pu = 799q 1001, Ps.2 = 2380/1001, 
E¢ = 1/32070) 


These relations enable us to find the ratio of the magnitudes of the electric 
fields in similar salts of these two elements. 


PRASEODYMIUM 


The normal state of Pr is */7,;; the multiplet separation between the levels 
J=4 and J=5 is about 2100 cm™, and hence in calculating the suscepti- 
bility the higher multiplet levels may be neglected. This corresponds to dis- 
carding off-diagonal elements in J in the magnetic moment and in the crystal 
field. Good experimental data have been given by Gorter and de Haas!" for 
the variation of the susceptibility of a crystal powder of Pro(SO 4); 8H.O. 

As has already been explained, the simplest assumption is a cubically 
symmetrical field. The Hamiltonian is 


D DYi(xit + yt + 34) + WBu:, 


uz being the component of magnetic moment along the z-axis, which is also 
taken to be the direction of the magnetic field. The diagonal elements arising 
from the magnetic field are simply g8//.\/, where g is the Landé g-factor 
(=4/5 for Pr), AJ is the component of J along the axis and @ is the Bohr 
magneton. Bethe® has shown that in the absence of a magnetic field the level 
J =4 splits up into a single level, a doubly degenerate level and two triply 
degenerate levels. In virtue of the selection rule obeyed by the Hamiltonian, 
the secular determinant factors into a cubic and three quadratics, two of the 
qyuadratics being identical since there is degeneracy as regards the sign of 1/. 
Hence at least one root of the cubic must be identical with one of the roots 
of the repeated quadratic, while ancther root must be the same as one of the 
roots of the remaining quadratic. Thus the determination of the levels in the 
absence of the magnetic field involves only the solution of quadratic equa- 
tions. When the magnetic field is present the secular determinant still breaks 
up into a cubic and three quadratics, the factors being 





4G-%e-W s 0 
«7 $ 
0 s —4G-—%e-— W | 
| + 2G — 936a — W t || 2G — 696a — W 360a 
t + G — 216e — W\| 360a — GG — 66a — W 


10 C. J. Gorter and W. J. de Haas, Leiden Comm. 218b. 
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where 4 
p s = 24a(70)'/?, ¢ = 120a(7)'?, G = gBH 


and a=pD, p being the coefficient in the matrix elements (3). Since the roots 
without the magnetic field are known there is no great difficulty in finding the 
roots in the presence of the field /7 as a power series in /7. For convenience, we 
choose as origin of energy the centre of gravity of the unperturbed levels. 
Then the levels in the presence of the field are 


W, = 672a + 5G?/252a, We = 336a + G/2 + 7G7/3840a, 
Ws; = 336a + 2G°/105a, Ws = 336a — G/2 + 7G?/3840a, 
W's = 96a + G?/180a, : Ws = 96a — 180aG?/, 

W; = — 624a + 5G/2 — 7G?/3840a, Ws = — 624a — G?/180a, 

Ws = — 624a — 5G/2 — 7G?/3840a. 


he 


h 


| 
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Pr [J=4] Nd [J =%] 


Fig. 1. 
The susceptibility per gram atom is then 


x = (2Ng?8?/a) [53e'#/5760 + e-%*/30 — 61e-*/2688 — S5e—#/252 


10) 
+ p(25e + e-)/192] + (3e!* + 2e-** + 3e-™ + e144) ( 


where 4» =48a/k7. The constant a is chosen so that this formula gives the 
value of xo, the susceptibility at the absolute zero of temperature, extrapo- 
lated from the experimental data. This gives xo = —10Ng*68?/a, since a must 
be negative in order that xo may be finite. From this we obtain the value 
a = —0.293 cm~! which corresponds to an over-all splitting produced by the 
crystal field of 389 cm-'. Fig. 1 gives the way in which the crystal field splits 
the lowest multiplet level of Pr. The same figure gives similar results for Nd, 
and the influence of the magnetic field in removing the degeneracy is also 
shown. The curve 1/x against T is given in Fig. 2 and on it are marked the ex- 
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perimental values for Pre(SO4)3;:8H2O as measured by Gorter and de Haas." 
The agreement is extremely good. In order to show the sensitivity to varia- 
tions in a we have plotted the curves (1) a= —0.37 em™! (2) a= —0.293 cm~! 
(3) a= —0.30 cm~', while the straight line (4) through the origin gives the 
asymptote for all values of a at very high temperatures (but not high enough 
for the higher multiplet levels to count). This straight line represents the 
Hund formula for the susceptibility x = V6°g?J(J+1)/3kT, obtained on the 
assumption that the ion is perfectly free. It should be explained that the ex- 
perimental values are given per gram ion. The molecular weight of Pr2(SOx4); 
-8H2O is 714, and since there are two Pr atoms it is necessary to divide x as 
given by Eq. (10) by 357 in order to give the x used by experimenters and em- 
ployed in Fig. 2. In the temperature range 100°K to 300°K the experimental 
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Fig. 2. 


A is 32°, while the theoretical value is about 25°. The difference is too small to 
show in the figure. More will be said about the agreement with experiment 
when we have considered Nd. 

Before it was realized that a field of cubic symmetry would give such a 
good account of the experimental results, a field of rhombic symmetry was 
tried, but with little success. A simple assumption in this case is that the po- 
tential of the field is of the form A (x*+y?— 2s”). Since the measurements were 
made on crystal powders, it is necessary to average over all directions. This 
can be accomplished by first solving the problem where the magnetic field 
acts along the z-axis, the axis of symmetry, and then when it acts perpendicu- 
larly to the axis. The average susceptibility will be the average of these two, 
taken with the weights one and two respectively. The problem bears a formal 
resemblance to the problem of the symmetrical top; the group J =4 of energy 
levels are all doubly degenerate except one which is single and which must be 
taken as the lowest in order to fit the observed susceptibility at low tempera- 
tures. However the temperature dependence of the susceptibility calculated 
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on the assumption of a “symmetrical top” field bore very little resemblance 
to that observed and it was necessary to reject it. If data were available on 
single crystals one could tell immediately by comparing the three principal 
susceptibilities and A’s how good an assumption a field of cubic symmetry is. 
If the three are equal, everything would be very satisfactory; if not, then one 
would have to introduce a small field of rhombic symmetry to account for the 
differences. The effect of introducing a field of rhombic symmetry would be to 
give three principal Curie constants and three principal A’s, and the A’s 
would not vanish even at high temperatures although the Curie constants 
would then all become equal and the mean A would vanish. Nothing further 
can be said until experiments have been made on single crystals. 


NEODYMIUM 


The normal state of Nd is ‘Kg. (K states have L =6). The multiplet sepa- 
ration between J =9/2 and J=11/2 is about 1800 cm~! and at room tempera- 
tures one ought not to neglect the higher multiplet levels. We are indebted to 
Miss Frank for the information that the correction for the other multiplet 
levels is to add about three percent to the susceptibility at room tempera- 
tures.'' However we make no attempt to apply this correction, since the dis- 
crepancy between different observers is considerably greater than this. Since 
the ground state has /=9/2, so that J is a half integer, the electric field, as 
shown by Kramers,” will be unable to remove all the spatial degeneracy of 
this state; each level will be at least doubly degenerate and will have a Zee- 
man effect of the first as well as of the second and higher orders. It is known 
from the work of Bethe® that in the absence of the magnetic field the ten com- 
ponents of J=9/2 fall into two coincident groups of five on account of the 
Kramers two-fold degeneracy, and each group of five levels will split up into 
a single level and two doubly degenerate levels. In the presence of the mag- 
netic field, the factoring is into a quadratic and a cubic, given by 


0G/2 + 540 -— W 6A 0 
6A G/2 + 5Av — W 10A 
0 104 ~ 7G/2 — 340 — W 
| 5G/2 + 240 — W 5Au 
| SAu — 3G/2 — 2Av—- W 


11 Miss Frank has shown, Phys. Rev. 39, 119 (1932), that it is very important to take into 
account the off-diagonal elements in J in the magnetic moments for Eu and Sm, since for these 
the separation between the two lowest multiplet levels is not small compared with &T. For Eu, 
the lowest level has J =0, the next lowest J =1 and neither of these breaks up under the action 
of a crystal field of cubic symmetry nor is their relative position altered to a first approximation ; 
and since they belong to different representations of the cubic group, the field does not introduce 
elements of magnetic moment between them. From analogy with the conclusions given in the 
present paper, one would expect the crystal fields in the rare earths to have cubic symmetry. 
If this is so, Miss Frank's calculations for Eu still apply. For Sm, whose two lowest levels have 
J=5/2 and J=7/2 as normal states, it may be necessary to amend the results given in her pa- 
per. Further calculations will be made on this point. 
12H. A. Kramers, Proc. Amst. Acad. 33, 959 (1930). 
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A 3 A ap ) 
where «=(6)'?, v=(14)'", G=gBH (g=8/11 for Nd) and A= 12ah(14)! 3. 
The origin of energy has been chosen to make the spur of the quadratic zero, 

a device which greatly simplifies the algebra. The cubic and quadratic arising 
from the other quintic can be obtained from those above by changing the sign 

of G. The roots in the absence of the magnetic field can readily be obtained, 
since then the roots of the quadratic must also be roots of the cubic. Solving 
these equations up to terms in //*, we find for the ten energy levels 


Wy = 20.954 + 1.8326 + 0.3879G2/A,  We=9.11A 4+ 2.788 — 0.3411G?/A, 
Ws = 9.114 — 0.5426 + 0.1018G?/A,  Wy=—19.594—3.121G— .00468G?/A 
Ws = — 19.5904 + 1.542G — 0.1015G?/A. 


and five more obtained from these by changing the sign of G. 
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The expression for the susceptibility per gram atom is 
X = (2g78°N/A) [(0. 1483e!-5% + 0. 2396e-9-14 — 0. 3879e-29-95«) 
+ pw(6.065e!9-5% + 4.031e-9 4+ 1. 680e-2"-%%*) | 
<j. [2e!9-5% + Je-9 lu + 720.954) 


where 4 =A/kT. To obtain the susceptibility per gram ion it is necessary to 
divide by 361. As with Pr, a is negative, and its value is about —0.458 cm~! 
(A = —20.6 cm~'), which gives an over-all splitting of 834 cm~'. The splitting 
of the lowest multiplet level produced by the crystal field is shown in Fig. 1. 
Curve 2 in Fig. 3 gives the theoretical variation of 1/x with 7, while on it are 
marked the experimental results of Gorter and de Haas.'!° The agreement is 
extremely good. Curves 1 and Zin Fig. 3 show the sensitivity to A and are for 
the values A = —36 cm~! and A = —12 cm~' respectively, while the straight 
line 4 gives as before Hund’s law. The measurements of Cabrera™ at 290°K, 


#8 B. Cabrera, C. R. 180, 669 (1925). 
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and of Zernicke and James" at 293°K, and of St. Meyer," which agree almost 
exactly with Zernicke and James, are also marked and are seen to fall con- 
siderably below those of Gorter and de Haas. If, on account of some error in 
calibration, it should prove necessary to reduce the experimental values by a 
constant factor, D can still be chosen to fit the results. Exactly the same dis- 
crepancies appear with Pr. Again, the susceptibility as measured by Cabrera 
is 11 percent higher, and that measured by Zernicke and James and also by 
St. Meyer is 2 percent higher, than that obtained by Gorter and de Haas, all 
at room temperature. The disagreement in this case is not quite so bad as 
with Nd. 

Using the relations (8) and (9) we can compare immediately the values of 
the constants D of the crystal fields in the two salts Pre(SO,4)3-8H2O and Nde 
(SO,)3-8H2O, on the assumption that the integral J is the same in both cases. 
This is not quite accurate and rather favors Pr, but it is sufficiently close for 
our purpose. The constant D for Nd is found to be about 3.9 times that for 
Pr. One would expect the electric fields in two salts so similar in every way to 
be of about the same magnitude. It should be remembered, however, that 
we determine this magnitude from the difference between the observed mag- 
neton number and the Hund value, and a small change in the observed mag- 
neton number will make a considerable difference in the calculated field. For 
example, the difference between the magneton number of Nd as measured by 
Cabrera, and the Hund value, is 0.08, while Gorter and de Haas obtain 1.24. 
For Pr the corresponding figures are 0.17 and 0.76 respectively. The electric 
fields calculated from Cabrera’s values are much less than those given here. 
More accurate data on the susceptibilities, even at one temperature, would 
allow this question to be settled satisfactorily. 

in conclusion we desire to express our sincere thanks to Professor J. H. 
Van Vleck, whose advice and criticism during the course of this work have 
been invaluable. 


4 J. Zernicke and C. James, Jour. Am, Chem. Soc. 48, 2827 (1926). 
® Stefan Meyer, Phys. Zeits. 26, 51, 478 (1925). 
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Theory of the Variations in Paramagnetic Anisotropy Among 
Different Salts of the Iron Group 


By J. H. Van VLECK 


University of Wisconsin 
(Received June 6, 1932) 


A theoretical explanation is given of why nickel salts are nearly isotropic mag- 
netically, while those of cobalt exhibit over 25 percent anisotropy even though the 
Ni** and Co** ions are both in F states and are adjacent in the periodic table. The 
cause is an inversion of the levels in the crystalline Stark effect in passing from the con- 
figuration d* *F (Ni**) to d? 4F (Co**). If the crystalline field has only rhombic sym- 
metry, but with the deviations from cubic symmetry comparatively small, extension 
of the methods in Penney and Schlapp’s preceding paper shows that a nearly isotropic 
level will be the ground level in Ni**, but an anisotropic one in Co**. It is to be particu- 
larly noted that the inversion exists purely in virtue of the difference between the con- 
figurations d’ and d°, and does not require different crystalline fields in Ni and Co com- 
pounds. The theory predicts that hydrated Ni salts conform closer to Curie’s law than 
those of Co, and have a Curie constant more nearly equal to the “spin only” value 
4NS(S+1)(he/4axmc)?/3k. This agrees with experiment. Other pairs of ions are cited in 
the iron group in which the inversion phenomenon is encountered, with attendant 
diversity in magnetic behavior. The nearly perfect magnetic isotropy of manganous 
salts is trivial, as the ground state of Mn** is ®S; the slight anisotropy may be due toa 
small amount of incipient j-j coupling or to distortion of the constancy of orbital 
angular momentum by the crystalline field, so that the orbital magnetic moment does 
not vanish completely in S states. 


O ONE who has examined the measurements of the principal susceptibili- 

ties of salts of the iron group can fail to note howremarkably the amount 
of magnetic anisotropy varies with the nature of the cation. Typical deter- 
minations are, for instance, those by Rabi,! according to which the ammono- 
sulphates of Mn, Co, Ni, and Cu exhibit anisotropies amounting respectively 
to 1, 30, 13, 20 percent. 

The nearly perfect isotropy of the manganous salts is exactly what one 
expects inasmuch as the Mn*+ ion has a ®°S ground state. Nearly complete 
symmetry should also be found in ferric salts, as Fe+**+ and Mn** have the 
same configuration, but adequate data on ferric compounds are wanting. 
The usual cause pf magnetic anisotropy is the unsymmetrical partial freezing 
of orbital angular momentum by the lattice forces. The orbital magnetism 
is thus largely destroyed by these forces, but not completely. Particularly 
important is usually the coupling between the spin and the remains of the 
orbital angular momentum, which are not centro-symmetric and so destroy 
the equivalence of different spin orientations. In S states with perfect Rus- 
sell-Saunders coupling there is no orbital angular momentum to congeal, and 
so the usual cause of anisotropy disappears in manganous salts. The ordinary 
explanation of the small residuum (about 1 percent) of anisotropy found in 


117. I, Rabi, Phys. Rev. 29, 173 (1927). 
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manganous compounds is the magnetic spin-spin coupling, since the electro- 
static exchange coupling is well known not to cause anisotropy. However, it 
seems doubtful whether the magnetic spin-spin forces could be great enough 
to cause even the 1 percent dissymmetry in manganous salts of high “mag- 
netic dilution,” such as e.g., hydrated sulphates, where the separation of the 
paramagnetic ions is great. Therefore we wish to suggest the possibility of 
a small amount of incipient j-7 coupling, not enough to distort appreciably 
the g-factors from their Russell-Saunders values, but enough to impart a 
slight amount of orbital angular momentum to § states which would then 
behave anisotropically. Along with this is also, perhaps more important, the 
angular momentum which arises because the crystalline fields do not have 
complete central symmetry. In quantum mechanics the orbital angular 
momentum cannot be constant in time in noncentral fields? and so cannot 
vanish completely in the presence of the latter. 

So much for the rather straightforward case of Mn. Much more puzzling is 
the great difference in isotropy between nickel and cobalt salts. The ions 
Co** and Ni** are adjacent in the periodic table, and both are in F states 
(respectively d? *F and d**F). Nevertheless Ni salts are nearly as isotropic as 
those of Mn, while Co salts are the least symmetrical of the whole group. 
Closer examination reveals that precisely this behavior is to be expected if the 
crystalline field possesses only rhombic symmetry, but with the departures 
from cubic symmetry relatively small. The development of the crystalline 
potential then takes the form 


V= Dif) + Ax? + By? — (A + Bs? + Dixit t+ yt +24], (1) 


provided we neglect the departures from cubic symmetry in the fourth but 
not the second order terms. The summation need be extended for our pur- 
poses only over the electrons not in closed shells, i.e., the d electrons in the 
ions of the iron group, inasmuch as completed shells exhibit no orientation 
effect and so contribute nothing interesting to (1). The reader is referred to 
the preceding paper by Penney and Schlapp and to reference 3 in case he 
desires further general exposition of the use of crystalline potentials in con- 
nection with magnetic problems.’ That the rhombic or second order part of 
(1) is subordinate to the cubic or fourth order part is evidenced by the fact 
that paramagnetic salts are nearly isotropic in many cases, and especially by 
the success which has attended Penney and Schlapp’s preceding calculation 
of the temperature dependence of the susceptibilities of rare earth salts in- 
volving Nd and Pr under the assumption that only the cubic portion of (4) 
need be considered. They have also tried calculations keeping only the rhom- 
bic part of (1), but the wrong temperature dependence is then obtained in the 
rare earths, as well as far too much anisotropy in Ni salts. 

If the “cubic” or fourth-order part of (1) is the dominant noncentral term, 
then from Bethe’s* group theory of levels in crystalline fields, one finds that 


2 Cf. J. H. Van Vleck, Phys. Rev. 31, 600 (1928). 
3 J. H. Van Vleck, “The Theory of Electric and Magnetic Susceptibilities,” section 73. 
‘ H. Bethe, Ann. d. Physik 3, 133 (1929); especially pp. 164-167, 196-199. 
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the Stark splitting is arranged either as in Fig. 1, or as in this figure turned 
upside down. The vertical lines represent the matrix elements of magnetic 
moment along some one principal direction, say x. The separation of the com- 
ponents of Ty or of TI’; is due only to the rhombic terms, since Ty, T's (in 
Bethe’s notation) are triply degenerate “Darstellungen” in strictly cubic 
fields. 

If Fig. 1 is right side up, the orbita! magnetic moment will be largely sup- 
pressed, and its “remains” will be nearly isotropic for the following reason. 
By perturbation theory,> the magnetic moment induced in the state a by 
application of a magnetic field J] along x is given by the expression 


2H >> | w.(ak) | 2/fiv(ka), (2) 
k 


where the u(ak) are the matrix elements of magnetic moment in the absence 
of // but in a system of representation which diagonalizes (1). The matrix u 
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Fig. 1. Fig. 2. 
(upright in Ni**, inverted in Co**) (upright in Cu**, inverted in Fe**) 


will contain no diagonal elements, because, as the writer has shown elsewhere? 
crystalline fields of no more than rhombic symmetry suppress the diagonal 
elements of orbital angular momentum (neglecting perturbations by spin- 
orbit interaction, which restores some of the diagonal part in systems with 
an odd number of electrons). In the case shown in Fig. 1, the summation 
over k embraces only ¢ and f, but if one changes the direction of /7 to another 
principal axis y or 2, one encounters the matrix elements of uy, uw. and these 
may join a to other components of T'; and [; than ¢ and f. One finds that the 
magnetic anisotropy of a exists only in virtue of the difference between the 
frequencies v(ab), v(ac), v(ad) or between v(ae), v(af), v(ag), and these per- 
centage differences are small since the rhombic is small compared to the cubic 
separation. 

Let us, however, turn Fig. 1 upside down, and suppose that the separa- 
tions e-f-g, though small compared to a-e, etc., are nevertheless large com- 
pared to k7, making only g a normal state. The orbital magnetic moment 
will then be much less completely quenched than without the inversion, since 


5 See, for instance, p. 145 of reference 3. 
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the denominators v(ge), v(gf) will be involved in the formula analogous to 
(2). Furthermore there will be vastly more anisotropy than without the inver- 
sion. This will be true not merely because the percentage difference between 
v(ge) and v(gf) is greater than that between v(ab) and v(ac) or v(ad) but also 
because the full symmetry of moment in the limiting case of perfectly cubic 
fields is achieved only with equal distribution of atoms among the three com- 
ponents of I’, rather than concentration purely in one component g. 

It is clear that one can understand the difference between Ni** and Co*+ 
if one can justify turning Fig. 1 upside down in passing from one of these ions 
to the other. Now it actually turns out that for a fixed sign of A, B, D in (1), 
precisely this behavior is to be expected theoretically. The argument is as 
follows. Let us consider matrix elements in the L, 1, system of representa- 
tion rather than in the final system which diagonalizes (1). Then from the 
properties of the rotation group Penney and Schlapp find in the preceding 
paper that, regardless of the number x of electrons in the incomplete shell 
the matrix elements of }>(x4+y:4+2,4) are of the form te 


K 


Yi(xit + yt + 24)(LM1; LM,) = Of(L, M1) + 3urt/5, (3) 


where Q depends on L, S, m but not on M,, and where 
f(L, M1) = Mi2(7M 1? — OL? — OL + 5) + 3L(L? — 1)(L + 2)/5. (4) 


Besides (3) there are also elements of the form A, = +4 proportional to Q, 
as well as elements nondiagonal in L, but the explicit form of these does not 
concern us. Our interest is in the sign of the proportionality factor Q, which 
can be determined by the following adaptation of the Goudsmit-Slater 
method® of diagonal sums. For the configuration d*, the only arrangement in 
m), Ms, Quantization consistent with M,=>.m, =3, Ms =) om, =1 is m, 
=2, m,;=1, m,=0 each twice, m;= —1, m,;= —2 each once. The spur invari- 
ant for 1J,=3, \Js=1 thus consists of but a single term, which yields a *F 
state. Hence, since f is even in M,, 


QO(d* §F) - f(3, 3) = Q(d*D) [3f(2, 2) + 3f(2, 1) + 2f(2, 0)]. (5) 


Here Q(d* *F) means the value of Q appropriate to the configuration d* *F, 
while Q(d 2D) of course relates to a single isolated d electron. The term in 4 
has been omitted since it is invariant of the vector addition involved in con- 
structing the Russell-Saunders coupling. For the case W,=3, Ms=3/2 of 
d’, one has the same arrangement of m,,’s as before, except that m,=0 is filled 
only once, and consequently 


QO(d7 4F) f(3, 3) = Q(d?D) [3f(2, 2) + 3f(2, 1) + f(2, 0)). (6) 
On comparing (5) and (6) and noting that 
2f(2, 2) + 2f(2, 1) + f(2, 0) = 0, (7) 


one sees that Q(d**F) is the negative of Q(d’ ‘F). Of course the diagonal ele- 


6S. Goudsmit, Phys. Rev. 31, 945 (1928); J. C. Slater, ibid. 34, 1293 (1929). 
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ments (3) are not the same as the characteristic values of d(x f+y't+s,), 
but except for the difference in Q, the matrix representing this expression in 
the L, \/; system is the same for d**F as d’ *F inasmuch as L is the same in 
both cases. Hence the characteristic values are obtained by the same canoni- 
cal transformation and differ merely in the proportionality factor Q, which 
will thus cause inversion in the passage from Ni to Co. It is particularly 
gratifying that alteration of the sign of D in (1) is thus not necessary to invert 
the crystalline Stark effects. The crystals of Ni and Co hydrated sulphates, 
etc. have presumably so nearly the same structure and ionic arrangement 
that it would be illogical, to say the least, to postulate radically different 
fields in the two cases. 

In the foregoing we have neglected entirely the spin in the interest of 
simplicity. Actually the spin is the main cause of the paramagnetism in Ni 
and Co, though not of its anisotropy. In point of fact, the spin-orbit interac- 
tion is comparable with the effect of the rhombic dissymmetry, but is subor- 
dinate to the “cubic” term, so that the inversion of cubic levels still comes into 
play. Inclusion of the spin-orbit interaction makes the remains of the orbital 
magnetic moment contribute to the part of the susceptibility which is in- 
versely proportional to temperature, rather than merely a term such as (2) 
which is independent of temperature. When Fig. 1 is right side up, the spin 
interacts effectively with a smaller and more isotropic orbital moment than 
when Fig. 1 is inverted. The most potent elements of u in the spin-orbit coup- 
ling, which is much looser than in the free gaseous state, can be shown’ to be 
those whose associated frequencies v(ij) are small. Hence the departures of 
the Curie constant C from the Stoner-Bose “spin only” value 


C = 4NS(S + 1)(he/4amc)?/3k (8) 


should be larger in Co than in Ni salts, and deviations from Curie’s law in 
highly hydrated salts should appear at higher temperatures with a Co than 
with a Ni cation. (The hydration is to avoid exchange coupling between 
atoms.) This agrees with experiment. The deviation from (8) is about 30 
percent in the nickel sulphates, as compared with 70 percent in those of 
cobalt. Further calculations by Schlapp and Penney, to appear shortly, 
predict that in hydrated nickel salts the deviations should become important 
only at temperatures near liquid helium. This is confirmed by Gorter, de 
Haas, and v.d. Handel’s recent remeasurement? of NiSO,:-7H2O at low tem- 
peratures (down to liquid hydrogen) which has obliterated Jackson’s previous 
large negative A and restored Curie’s law almost perfectly. On the other 
hand, CoSO,:7H2O apparently demands a A of about 14 in the Weiss-Curie 
formula x = C/(7T'+A), although it must be cautioned that here new measure- 
ments are not available. 

By arguments very similar to the previous, one can show that the inver- 
sion phenomenon should also be found in the pair Fe+*, Cu**, respectively 
d°*D and d®*D, and also pairs of ions reciprocally related on the left and right 
sides of the group, such as (Cr*+*+, Cot*) or (Ni*t+, V*+**). We call ions re- 


7C. J. Gorter, W. J. de Haas, and J. v. d. Handel, Leiden Comm. 218d. 
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ciprocally related if they have respectively x and 10-x d electrons, since then 
their ground states have the same L, S. 

Adequate data are wanting on single crystals of Cr and V salts, but the 
Curie constant does have much more closely the Stoner-Bose value (8) for 
Cr+** than for Cot*, as one should expect from the foregoing. In Cre(SO,)s 
KeSO,:24H2O the deviation from (8) is only about 2 percent.* The variation 
in the applicability of (8) is thus even more pronounced in the pair Cr*+*, 
Cot+ (2 vs. 70 percent deviation) than in the pair Cot*+, Ni** (70 vs. 30). 
This is understandable on the ground that the multiplet structure and hence 
the spin-orbit interaction for the free ion are considerably smaller in Cr*++* 
than in Cott OK Ni**. Of course the departures from (8) will be greater the 
larger this interaction, all other circumstances being equal. Consequently 
the alteration in free multiplet width and the inversion phenomenon reinforce 
each other in accentuating the deviations from (8) in Co** as compared to 
Crttt, 

The pair Fe+*+, Cu** require rather careful examination. Here we en- 
counter D rather than F levels. Now Bethe’ has proved that D terms split 
under the potential (1) in the fashion shown in Fig. 2, where the separation of 
the components of T; or of T's is due entirely to the deviations from cubic 
symmetry occasioned by the rhombic terms. The first thing to be remarked is 
that Fig. 2 is upright in Cu** and inverted in Fe** if Fig. 1 is upright in 
Ni**. This follows from the fact that Q(d* *D) has the opposite sign from 
Q(d*8F) inasmuch as by the method of diagonal sums 
Q(d® 2D) f(2, 2) = Q(d*D) [3/(2, 2) + 4f(2, 1) + 2f(2, 0)] = — O(d@*D)f(2, 2), (9) 
and by (4) the bracketed sum in (9) has the value —12/5 as compared with 
36/5 for the corresponding bracketed sum in (5). Bethe* has shown that for 
a fixed sign of Q, as in a one electron system, the D level requires inversion of 
Fig. 2 if the F level requires an upright Fig. 1. When the sign of Q changes, 
there are thus two cancelling inversions which together leave Fig. 2 upright. 

To be consistent with our interpretation of Ni and Co, it thus appears® 


§ W. J. de Haas and C. J. Gorter, Leiden Comm. 208c. 

® At this juncture it is perhaps well to remark that the reversal of the sign of Q is perhaps a 
more general and certain phenomenon for the pairs Ni**, Co** and Fe**, Cu** than for the pair 
Ni**, Cu**. The reversal for the former pair is contingent only upon (7) and hence takes place 
for any potential whose diagonal elements vanish when summed over M 1, except for an additive 
constant, such as 3nr‘/5 in (3), which is independent of the type of vector addition. That the 
additive constant is indeed independent of the vector compounding is shown by the theorem 
(cf. Niessen, Phys. Rev. 35, 274 ff., 1929) that SutF(mne- + Mz; mnz+ + Mz.) =(2L+1) 
XF (mn: ; mnz* * ) where the matrix elements relate to any function F(r, 0, @) of polar co- 
ordinates and 47F =({Fsinédéd@ .The function F is a purely radial one and consequently in- 
variant of the vector addition involved in Russell-Saunders coupling etc. Hence the Ni**,Co** 
inversion is surely found for other forms of potential besides (1), and the great diversity in 
anisotropy in this pair requires only that the crystal symmetry be dominantly but not com- 
pletely cubic. On the other hand after Eq. (9) explicit use was made of the numerical form (4) 
of the matrix elements of the fourth degree part of (1) in proving the reversal in the sign of 
Q for the pair Ni**, Cu**. It is hence conceivable, though improbable, that if the cubic potential 
requires large sixth, eighth, etc. degree terms for its representation in addition to the fourth 
order terms, the reversal in the sign of Q may exist for the Ni**, Co** and Cu**, Fe** pairs, but 
not for Ni**, Cu**. Fig. 2 would then be upright in Fe** and inverted in Cu**. 
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necessary that Fig. 2 be upright in Cu** and inverted in Fe++. Now Bethe 
has demonstrated that the portion [; of Fig. 2 is “nonmagnetic,” and so u 
consequently has no matrix elements of the form yu(a’b’), whereas the ele- 
ments inside [’; do not all vanish. The expression analogous to (2) will con- 
sequently be much larger in Fe**+, where e’ is a ground state, than in Cu**, 
because of the existence of small denominators such as v(e’c’). Hence the 
remains of the orbital angular momentum will be larger in Fe**+ than Cu**, 
and, all other things being equal, the distortion from (8) with attendant 
magnetic anisotropy should be much more accentuated in Fe** than in Cu**. 
Actually the anisotropy of cupric salts (e.g., 26 percent in Cuk.(SO,)2 
-(6H,O) is usually greater than for ferrous ones (e.g., 16 percent in FeKe(SO,)2 
-6H2O), while (8) holds no more closely for Cu** than for Fe**. About 20 
percent deviations from (8) are found in both cases. Because of the somewhat 
greater anisotropy in the cupric case, it thus appears at first sight that the 
inversion of Fig. 2 comes at the wrong place. However, “all other things” are 
not equal. The free multiplet structure is wider for Cu than Fe, so that if 
there were no inversion the spin-orbit distortion would be bigger in Cu than in 
ke. Also the spin quantum number has the small value 1/2 in Cu**, compared 
with 2 in Fe**, so that residual orbital angular momentum of given magnitude 
is relatively more important in Cu** than in Fe**. These two effects may 
more than counteract the fact that the denominators in the formula for the 
induced orbital moment are smaller in Fe**+ than in Cut*. One thing to be 
particularly emphasized in connection with the question of anisotropy is the 
following. The orbital moment induced in a’ in Fig. 2 exists, to be sure, solely 
in virtue of the matrix element u(a’c’), u(a’d’), w(a’e’) rather than p(a’b’), 
and hence tends to be small because the frequencies v(a’c’) etc. are large. 
However, unlike the case of a in Fig. 1, this moment in a’ does not owe its 
anisotropy purely to departures of the ratios k=v(a'c’)/v(a'd’) etc. from 
unity. Instead the full cubic isotropy of the induced moment in I’; is achieved 
only when the two components of T; are equally populated, whereas we 
suppose the separation a’—b’ large compared to k7’, so that only a’ is in- 
habited. Consequently, the anisotropy in the induced orbital moment of 
a’, Fig. 2 is of the order of magnitude unity, like that of g in Fig. 1 or e’ in 
Fig. 2, whereas that in a, Fig. 1 is only of the order x—1. By an anisotropy of 
the order unity we mean that the differences between the x, y, s components 
are comparable with the components themselves. Of course the anisotropy 
is in any case diminished because the residual orbital angular momentum is 
overshadowed by the spin, but we can say that for given deviations from 
(8), the anistropies should be of the same order of magnitude regardless of 
whether or not Fig. 2 is inverted, and inversion accentuates the anisotropy 
only in so far as the deviation from (8) is enhanced, whereas we have seen 
that in the Fe++, Cut++ pair there are other counteracting tendencies which 
forestall this enhancement. The effect of inversion on anisotropy is thus a 
different story for Fig. 2 than Fig. 1. It must be further remembered that 
Fe, Cu are not adjacent in the periodic table, and their salts’ crystalline fields 
need not resemble each other as closely as those of Co, Ni, thus obscuring the 
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purity of the inversion phenomenon. The inversion becomes less important 
the more one increases the rhombic terms at the expense of the cubic ones. 

In order to make Figs. 1, 2 upright at Ni**, Cu** respectively rather 
than Co**, Fe**, it is necessary that the constant D in (1) be positive. This 
follows since the quotient of the bracketed sum in Eq. (5) and f (3, 3) is posi- 
tive, making Q have the same sign in Ni** as for a one electron system, where 
Bethe* shows that Fig. 1 is upright if D is positive. The positive choice of D 
agrees with Penney and Schlapp’s preceding calculations on the susceptibili- 
ties of the rare earths, but iron and rare earth salts are so widely different 
that it seems scarcely necessary that the sign of D be the same in both cases. 

Detailed numerical calculations amplifying and testing quantitatively the 
foregoing ideas will be published by Schlapp and Penney and by Jordahl. The 
writer wishes to thank them for valuable discussions and comments. 
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Investigations in the Field of the Ultra-short Electromagnetic 
Waves. IV. On the Dependence of the Ultra-short Electro- 
magnetic Waves upon the Heating Current and upon 
the Amplitude of the Oscillations* 


By G. PoTAarpENKo** 
Norman Bridge Laboratory of Physics, 
California Institute of Technology 


(Received May 31, 1932) 


An investigation has been made of the dependence of the length of the ultra- 
short electromagnetic waves generated by vacuum tubes on the magnitude of the 
heating current. It is shown that the normal waves (i.e., waves the frequency of which 
corresponds to the frequency of the oscillations of the electrons about the grid of the 
tube) differ from the dwarf waves (i.e., waves with frequency exceeding several times 
the frequency of electronic oscillations) in their dependence on the heating current. 
The length of the normal waves increases, while the length of the dwarf waves of all 
orders decreases as the heating current is decreased. Therefore, as the heating current 
is decreased, there is a better agreement bet ween the observed and computed values of 
wave-lengths of the normal and of the dwarf waves. At low heating currents the prod- 
uct \*E, for dwarf waves of different orders is very close to the theoretical values 





WE, = const.o n? n=2, 3, 4,° 


where const.o corresponds to the value of the product 7, for normal waves. The re- 
, sults of the experiments are in agreement with the theory of P. S. Epstein, which ex- 
plains the discrepancy between the calculated and the observed length of the normal 
and the dwarf waves being due to the influence of the alternating potentials appearing 
on the electrodes of the tube during oscillations. In the limit, at infinitely low ampli- 
tudes of these potentials, the ratio of the values of the products \*£, for normal and 
for dwarf waves approaches the theoretical value within the limits of the experimental 
error. Neglecting these alternating potentials introduces the largest error in the re- 
sults of the existing theories of the generation of ultra-short waves. At sufficiently 
intensive oscillations, this error exceeds all the others taken together, including the 
error introduced through the simplifying assumption of plane electrodes. The limiting 
value of const.» corresponding to infinitely low amplitudes of the alternating poten- 
tials, approaches very closely the value of the product \?E, calculated from the formu- 
las of H. Barkhausen and A. Scheibe. This shows that normal waves really do corre- 
spond to a complete period of oscillations of the electrons about the grid, i.e., to the 
time the electrons take to pass from the filament to the grid and back to the filament. 


$1. INTRODUCTION 


ie THE previous papers! it was shown that ultra-short waves of several 
kinds can be obtained when large positive potentials with respect to the 
filament and the plate are impressed on the grid of a vacuum tube. The wave- 


P * Reported at the Berkeley meeting of the American Physical Society, December 18, 1931. 
** Carnegie Fellow. 
1G. Potapenko, Phys. Rev. 39, 625, 638, 40, 988 (1932); these articles will be referred to 
as I, II and III. 
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length A» of some of them is found to approximately correspond to the period 
of oscillations of the electrons about the grid of the tube, or in other words, to 
the time 7 of the passage of the electrons from the filament of the tube to the 
plate and back to the filament; i.e., 


Xo = Cor (normal waves) (1) 


where Cp is the velocity of light and the period 7 can be approximately deter- 
mined from the well-known formula: 


+ = d, X 10-7/3(E,)" (2) 


where d, is the diameter of the plate of the tube (in cm) and &£, is the constant 
positive potential (in volts) of the grid with respect to the filament and the 
plate. We called these waves normal or normal Barkhausen waves, since 
Eq. (1) is a fundamental equation of the theory proposed by Barkhausen. 
The lengths Aj, Ae, Ae, - - - of the waves of the other kind are approximately 
2, 3, 4, - + - times shorter than the length of the normal waves, calculated 
from Eq. (1), i.e., 


hi = cot/2 (dwarf waves of the 1st order) 
he -_ cor /3 ( “ “ “ “ 2nd “ ) (3) 


Az = cor /4 ( “ “ “ “ 3rd ty ) 


We called these waves dwarf waves of the 1st, 2nd, 3rd etc. orders. 

We have seen that Eqs. (3) are fairly well satisfied experimentally and 
that Eq. (1) gives values which differ systematically from the observed values 
by some 15 percent (II, $9). 

While investigating the problem of the motion of the electrons within the 
tube, we have seen that the peculiarities of the character of this motion com- 
pletely explain the causes of the generation of dwarf waves and lead us to ex- 
pect waves with periods equal to integral multiples of the period of the oscil- 
lation of electrons about the grids of the tube (III, §3). In other words, the 
character of electronic motion permits us to expect waves satisfying Eqs. 
(1)—(3). These investigations gave no direct indications of the possibility of 
a systematic discrepancy between these equations and the observations. 

Thus, so far, we do not know the causes of this discrepancy. Its systematic 
character shows, however, that it cannot be ascribed to experimental errors 
and must possess a definite physical meaning. The purpose of the present 
paper is to elucidate the causes of this discrepancy. 


§2. THE RELATION BETWEEN THE LENGTH OF NORMAL AND DWARF 
WAVES AND THE MAGNITUDE OF THE HEATING CURRENT 


All of the previously made observations refer to three tubes of the same 
type RS. First of all we must compare them with each other. Every one of 
these observations, as, for example, the measurement of the wave-length, or 
the determination of the amplitude of oscillations, refers to a certain length 
of oscillating circuits, to a certain grid voltage, etc. Therefore, unless all of 
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these factors are taken into account, a simple comparison of observations 
cannot be of any great value and will generally be avoided. 

The measurements of the wave-lengths were made at such points of the 
working diagrams of the tubes (II, §3) which corresponded to the maximum 
current in the plate circuit of the generator (i.e., approximately corresponded 
to the maximum of the energy of oscillations). Moreover, observations were 
made at a constant heating current and only at such grid voltages which corre- 
sponded to the region of saturation current and were not in the neighborhood 
of the upper bend of the static characteristic of the tube. In this case the 
lengths of the normal and of the dwarf waves were satisfying Barkhausen’s 
equation 


WE, = const. (+) 


An approximate estimate of the value of the constant could be made by 
means of Eqs. (1)-(3). If Eq. (4) holds true, we can compare the average 
values of the product \* E, instead of comparing individual observations. 
This relieves us of the necessity of taking into a separate account the grid po- 
tentials as well as the lengths of the oscillating circuits. The latter follows 
from our having selected points of observation in such a manner that the 
length of the oscillating circuits already enters the value \, in view of the 
definite relationship existing between these two magnitudes (II, §3). 
Let us suppose that for the case of normal waves the observations give 


ho" LE, = const.o (normal waves) 5) 
uv 


If relations (1) and (3) hold true, we must have the following for the case 
of dwarf waves: 


AVE, = const.; = const.o/4 (dwarf waves of the 1st order) 
hE, = const.2 = const.o0/9 ( “ = ae? (6) 
d3"E, = const.3 = const.9/16( “ “ 7 we * 4, 
A general form of Eqs. (5) and (6) can be written thus: 
WE, = const. o/n* (7) 


where for normal waves » = 1 and for dwarf waves of the 1st order, 2nd order, 
etc., we have n=2, n=3, n=4, etc. respectively. 

If we know the average values of const.» for the tubes investigated, then 
by means of Eqs. (6) we can compute the corresponding values of const.;, 
const.2, const.;, - - - and compare them with the observed values. Table I 


gives the results of these computations; the columns under the heading Obs. 
give the average values of the products \*E, for dwarf waves of the first four 
orders, which we had obtained previously (II, §§10, 13). The table also gives 
the mean observed values of the product \*E, for normal waves and the 
values of the emission current. From a comparison of the mean observed 
values of \*E, it is easily seen that for the case of dwarf waves of the Ist, 2nd 
and 3rd orders the values of these products diminish systematically as the 
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heating of the filament is decreased. At the same time, for normal waves and 
for dwarf waves of the 4th order, the change in the value of \°E, has no syste- 
matic character and is generally very small. 

It must also be mentioned that Barkhausen’s Eq. (4) was satisfied for all 
three tubes in spite of the fact that they were investigated at different ab- 
solute values of the heating current. Hence, it follows that under our con- 
ditions of observation the product A*~, remains constant, regardless of the 
absolute value of the heating current. 








TABLE I. 
Tubes R5 
Tube No. 5 Tube No. 20 Tube No. 7 
Const» =5.81 K105 Const» =5.78 K105 Const» =5.85 K10° 
7.-=41 mA Je =19 mA 7~=12 mA 
Obs. Obs. Obs 
Obs. “ale. ~—— Obs. ~ale. —— Obs. ‘ale. 
) Cale Cale. ys Cale Calc. bs Cale Cale 
Const.: 2.01 X10° 1.45 K105 1.39 | 1.97108 1.45105 1.36 } 1.90K10° 1.46105 1.30 
Const.: | 0.856 “ 0.646 “ 1.33 | 0.846 “* 0.642 “* 1.32 | 0.800 “* 0.650 * 1.23 
Const.; | 0.495 * 0.363 * 1.36 0.481 * 0.361 * 1.33 0.466 “ 0.366 “ 1.27 
Const.. 0.303 “ 0.232 * 1.31 0.300 * G.256 * 1.30 | 0.300 * 0.234 “ 1.28 
| Average 1.35 Average 1.33 | Average 1.27 





The ratios of the mean observed values of \°E, to those computed from 
Eq. (6), which are given in Table I, indicate a systematic discrepancy between 
them. The mean observed values of \°E, are systematically exceeding the 
calculated values by approximately 30 percent. This is as should be expected, 
according to what we had before. It is very significant, that the average values 
of these ratios Obs./Calc. decrease appreciably as we pass to tubes which 
worked with a lower heating of the filament. A decrease in the ratios Obs. / 
Calc. mean, evidently, a decrease in the discrepancy between the observed 
wave-lengths and those computed from Eqs. (1)—(3). 


$3 

As there could be a difference in the vacuum of the tubes and consequently 
in their working regime, it is necessary to test the validity of the above re- 
lationship between the value of the ratio Obs. /Calc. and the heating of the 
tube and to see whether it might be due to a possible difference in the vacuum 
of the tubes. 

The simplest way of avoiding the effect of a difference in the vacuum is to 
make observations using only one tube at different heating currents. Such 
observations were made with tube No. 5. As far as could be seen, this tube 
possesses the greatest symmetry in the arrangement of the electrodes, its 
dwarf waves had a greater intensity than those generated by the two other 
tubes; it was therefore used for these tests. The tests were made by selecting 
some point on the lines of maxima of the working diagram (II, §3) and meas- 
during the corresponding wave-length, intensity of oscillation, etc., at dif- 
ferent heating currents J; beginning with the largest possible values and end- 
ing with those at which the intensity of oscillations was very low and mea- 
surements were becoming uncertain. Each time the grid voltage was selected 
according to the maximum current J, in the plate circuit of the generator. 
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The selection of the points of observations was made so as to obtain mono- 
chromatic oscillations. This circumstance was very important, since the in- 
tensity of waves of different length varies differently as the heating current 
is changed. Therefore, it frequently happens that waves, which at large heat- 
ing currents play the role merely of an “admixture,” become relatively inten- 
sive at low heating, thus completely distorting the results obtained. 

As the intensity of dwarf waves of the 4th order was generally low and as 
the precision of the measurements of their wave-length fell off rapidly with 
decreasing heating current, it was decided not to include them in the tests, 
making observations for normal waves and dwarf waves of the first three 
orders only. 


TABLE II. Tube R5 (No. 5). 


I ny 


I, E, a 
(Amp.) (volt) (mA) (cm) NE, 
normal waves; L =23 cm 
0.701 162 4. 60.0 5.83 10° 
0.684 161 3.75 60.6 Fi 
0.662 160 2.90 61.0 5.35 * 
0.651 161 2.25 61.3 6.05 “ 
0.640 162 1.23 61.6 6.15 * 
0.632 165 1.30 61.8 6.30 “ 
0.625 167 0.90 62.0 6.42 “ 
0.610 169 0.30 62.4 6.58 
dwarf waves, 1st order; L=13 cm 
0.701 152 2.70 36.6 2.04 10° 
0.684 146 2.20 37.0 2.00 * 
0.662 138 1.80 37.3 a 
0.651 136 1.30 Be.2 1.88 “ 
0.640 133 0.85 37.0 a2 * 
0.625 127 0.30 36.8 i.ga * 
dwarf waves, 2nd ord.; L=6 cm 
0.701 240 2.00 18.85 0.852 x 10° 
0.684 234 1.60 18.9 0.836 “ 
0.662 228 0.80 18.8 0.806 “ 
0.651 224 0.50 18.7 ..7 * 
0.640 221 0.20 18.55 0.760 “ 
0.625 217 0.02 18.4 0.735 “ 
dwarf waves, 3rd ord.; L=8 cm 
0.701 305 0.95 12.7 0.492 « 10° 
0.684 300 . 0.65 12.55 0.473 “ 
0.674 288 0.35 12.5 0.450 “ 
0 12.5 0 


.662 278 0.1 


434 “ 





| 
| 


The results of the measurements? are presented in Table II. Figs. 1 and 
2 show the relation between the wave-length and the heating current, and 
also the relation between the value of the grid potentials, corresponding to a 
maximum plate current, and the heating current. As to the normal waves, 
their length increases very appreciably with decreasing heating current. At 


2 In Table II the observed values are rounded off to 0.1 cm for normal waves and dwarf 
waves of the Ist order. They are rounded off to 0.05 cm for dwarf waves of the 2nd and 3rd 
orders, as the accuracy of the measurements was somewhat greater for shorter waves. 
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the same time, the value of the grid voltage corresponding to a maximum 
plate current passes through a small minimum and increases rapidly, as the 
heating current is further diminished. In connection with this, there is, in the 
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62 
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60 4 (a) 
37 4 ——e 
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. —— I, 
0.62 0.66 0.70 (Amp) 


Fig. 1. Curves showing the relation between the length of the normal and dwarf waves 
and the heating current of the tube. Curve (a)—normal waves; curves (b), (c), (d)—dwarf 
waves of the 1st, 2nd and 3rd orders (E,-variable). 


case of normal waves, a rapid increase in the value of. the product A*E, as the 


heating current is decreased. This agrees well with the observations of 
W. Wechsung.® 








Eg (Volt) 
300 4 Pa (a) 
Pr 
a , 
= (c) 
Ps ail 
> a. 
200 etl 
= —x 
SOO eno (2) 
a as 
— 
_ —_— 
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0.62 0.66 0.790 (Amp) 


Fig. 2. Curves showing the relation between the grid voltage, corresponding to the maxi- 
mum amplitude of oscillations, and the heating current. Curve (a)—normal waves; curves (b), 
(c), (d)—dwarf waves of the 1st, 2nd and 3rd orders. 


A comparison of the results obtained for normal and for dwarf waves 
leads to an unexpected conclusion. It shows that the normal waves depend on 
the heating current in a different way than the dwarf waves. This is especially 


3 W. Wechsung, Zeits. f. Hochfr. 32, 64 (1928). 
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clearly seen from the curves of Figs. 1 and 2 which show that the grid voltage 
corresponding to a maximum plate current, and also the length of the dwarf 
waves decrease as the heating current is decreased. As a result, in the case of 
dwarf waves the product A°-, decreases as the heating current is decreased, 
i.e., it Varies in a manner quite opposite to that of normal waves. 

Table III] gives a comparison of the values of const.;, const. and const.; 
calculated from Eq. (6) with those obtained from direct observations. For 
the sake of brevity the table gives the results of computation only for three 
values of the heating current. It is seen from Table III that the value of 


TABLE III. Tube R5 (No. 5). 


7; =0.701 amp. 1, =0.684 amp. 1;, =0.662 amp. 


Const.» =5.83 K 105 Const.» =5.91 K105 | Const.» =5.95 X 105 
1,=360mA | 1,=28mA 1,=18 mA 
Obs. Obs. Obs. 
Obs. Cale. “ Obs. Cale. = Obs. ~alc. — 
‘ ” Cale. me Cale. ” Cale. “Cate. 
Const. 2.04 10° 1.46 X10 1.40 2.00X10° 1.48 105 1.35 1.92 K105 1.49 K10 1.29 
Const.: 0.852 “ 0.648 * 1.32 | 0.836 “ 0.657 * 1.27 | 0.806 “* 0.661 * 1.22 
Const.s 0.492 * 0.364 “* 3.35 | @.473 * 6.370 * 1.28 | 0.434 * S.002 ~ e.eF 
Average 1.36 Average 1.30 Average 3.23 


the ratio Obs. /Calc. decreases as the heating and emission current is de- 
creased, exactly in the same manner as we have seen from Table I. Hence it 
follows that the magnitude of the discrepancy between the observed wave-lengths 
and those calculated from Eqs. (1)—(3) does really depend on the heating current 
and that there is no reason to ascribe it to a difference in the degree of vacuum 
of the tubes. Of course the mere fact that the magnitude of the discrepancy 
depends on the heating current, is not an explanation of the cause of these 
discrepancies. It indicates, however, a way of discovering this explanation. 
This question will be treated later. 

From Table III it is seen also, hat the product A*-, varies quite uniformly 
as the heating current is varied. Therefore, when the heating current is still 
lower, the divergence between the observed and calculated values must be 
TABLE IV. Tube R5 (No. 5). 


4 Con st.o Const.» Const. 
(Amp.) Const., Const.» Const.; 
0.701 2.86 6.84 11.8 
0.684 2.96 7.07 2.5 
0.662 3.10 7.38 13.7 
0.651 3.22 7.73 — 
0.640 3.32 8.09 — 

3.73 8.73 -- 


0.625 








even smaller than it is seen from Table III. Without giving any detailed com- 
putations we shall determine the values of the ratios const.o/const.:, const.»/ 
const.2 and const.o/const.;. Theoretically, according to Eqs. (5) and (6) these 
ratios must be equal to 4, 9 and 16. Table IV gives the values of these ratios 
calculated from the data of Table II. It is seen from the Table IV that as the 
heating current is decreased these ratios increase and rather closely approach 
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the theoretical values. A poorer agreement is obtained for the third ratio 
which cannot be calculated for the low heating current in view of the low 
intensity of the dwarf waves of the 3rd order. 

As we said before, when measuring the wave-length at different heating 
currents, the grid voltage was selected in such a way as to have a maximum 
plate current. However, a change in E, must affect the length of the waves. 
Therefore, in determining the relation between the wave-length and the 
heating current, for the sake of greater accuracy we should have kept E, con- 
stand and the maximum values of the plate current should have been selected 
by varying the length of the oscillating circuits. We have chosen the first 
method because of its convenience. Furthermore, the results obtained by this 
method permit easily to determine the results obtainable by the second 
method. Figs. 1 and 2 show that as the heating current is decreased the 
length of the normal waves increases, at the same time there is an increase in 
the grid voltage corresponding to the maximum plate current. Since increas- 
ing the grid voltage produces a decrease in the wave-length (see article II 
Tables III and VI) it is clear that, if the grid voltage had been kept con- 
stant, we would have a still more pronounced increase in the wave-length of 
the normal waves as the heating current was decreased. It is also easily seen 
that, if the grid voltage had been kept constant, decreasing the heating cur- 
rent would produce even a more noticeable decrease in the wave-length of the 
dwarf waves than it is seen from Fig. 1. 


§4. ON THE INFLUENCE OF THE AMPLITUDE OF THE ALTERNATING POTENTIALS 


The data of the last three tables confirm the existence of a definite de- 
pendence of the magnitude of the discrepancy between the observed and the 
calculated wave-lengths (or the values of \°£,) on the heating current. The 
data give also a fairly complete idea as to the character of this relationship. 
With these data it is possible to attempt an elucidation of the causes of this 
relationship. 

The changes in the heating current and the consequent changes in the 
emission current can be accompanied by the following three phenomena: 
(1) a change in the density of the space charges, (2) a change in the initial 
velocity of the electrons and (3) a change in the amplitude of the oscillations 
generated by the tube. We did not consider these phenomena and none of 
them is taken into account by formula (2). 

The change in the density of the space charges is frequently used to ex- 
plain the changes in the wave-lengths with changing heating current. Starting 
from the concept of the influence of the space charges on the motion of the 
electrons, H. G. Mdllert has shown theoretically that a decrease in the emis- 
sion current must produce an increase in the length of the generated waves. 
This does not contradict our observations on normal waves, for which the 
theory was devised. However, there are good reasons to maintain that in our 
case the change in the density of the space charges cannot have an appreciable 
influence on the motion of the electrons. In the first place, all of our observa- 


4H. G. Moller, Electr. Nachr. Techn. 7, 411-419 (1930). 
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tions were made at such grid voltages which lay far in the region of saturation 
current, even at the maximum values of the heating current used. Therefore 
the influence of the space charges on the motion of the electrons ought to be 
very small in our case. Furthermore, if the change of the space charges had 
any appreciable influence, its effect would be the same for all kinds of waves. 
Our results show, however, that with a change in the heating current the 
normal waves vary in a different way than the dwarf waves. For the same 
reason we must consider as unapplied to our case the explanation proposed by 
A. Rostagni® which is based on the possibility of the existence of a natural 
period of the space charges analogous to the natural period of an ionized gas, 
and which is dependent on the density of the space charges. There is still 
less ground to admit the possibility of an influence due to a change in the 
initial velocity of the electrons, in view of the fact that this velocity is rela- 
tively low. There remains the third factor—the effect of a change in the am- 
plitude of the generated oscillations. 

If there are oscillations in the plate and the grid currents of the tube then 
alternating potentials must appear on the electrodes of the tube, as on the 
plates of a condenser. If these potentials are not vanishingly small in com- 
parison with the constant grid voltage, they necessarily must affect the 
character and the velocity of electronic motions and change the time the 
electrons take to pass from the filament to the grid. Thus the length of the 
generated waves will be changed. E. Gill and J. Morrell® had mentioned the 
possibility of an influence of the alternating potentials on the motion of elec- 
trons. H. E. Hollmann’ was the first to make an estimate of the influence of 
these potentials on the time of passage of the electrons and on the length of 
the generated waves. The formula which he obtained shows that the wave- 
length must decrease as the amplitude of the oscillations is increased. The 
same conclusions were arrived at by N. Kapzov’ and F. W. Sears? who made 
a graphical investigation of the electronic trajections within the tube, and 
also by H. G. Miller,‘ as a result of his theoretical investigations. All of these 
results refer to normal waves only and are in complete agreement with the 
results obtained for these waves, presented in Table II. From this table it is 
seen that the length of the normal waves decreases continuously, as the am- 
plitude of the oscillations (or the current J,) is increased. P. S. Epstein,! 
independently from the previous papers, made a theoretical investigation of 
the influence of the amplitude of the alternating potentials on the length of 
the normal and dwarf waves. He showed that for dwarf waves this influence 
must be opposite to that for normal waves." To this difference he ascribed 

5 A. Rostagni, Atti della R. Acad. di Torino 66, 123-130, 217-223, 383-395 (1931); see 
also Th. V. lonescu, C. R. 193, 575-577 (1931). 

6 E. W. B. Gill and J. H. Morrell, Phil. Mag. 44, 161-178 (1922). 

7H. E. Hollmann, Ann. d. Physik 86, 129-188 (1928). 

8 N. Kapzov, Zeits. f. Physik 49, 395-427 (1928). 

9 F, W. Sears, J. Frankl. Inst. 209, 459-472 (1930). 

10 P. S. Epstein, Report at a Physics Research Conference, Pasadena, Mar. 5, 1931. 

1! According to his theory the above deduction is always true for dwarf waves of the Ist 
order. For dwarf waves of the second and higher orders this deduction depends on the dimen- 
sions of the tube. 
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our systematic discrepancy between the observed and the calculated wave- 
lengths. So far we had no opportunity for a detailed verification of this the- 
ory. One of its results shows, however, that this theory not only explains the 
above discovered difference in the effect of the heating current on the normal 
and on the dwarf waves but also leads to quantitatively correct results. 

We have seen above that the ratios const.9/const.;, const.)/const.s, 
const.o/const.; must be equal to 4, 9 and 16 if Eqs. (1) and (3) are true. If 
the assumption of the influence of the amplitude of the alternating potentials 
is correct, then in comparing our observations it will be more correct to refer 
them to the same amplitude of oscillations and not to the same value of the 
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Fig. 3. Curves showing the dependence of the values of const.o, const. const.; and const.s 
on the amplitude of oscillations (amplitude of the alternating potentials which appear at the 
electrodes of the tube during oscillations). 


heating current, as we have done it before. The ratios const.9/const.;, const.o/ 
const.2, const.o/const.; must be equal to 4, 9 and 16 at infinitely low ampli- 
tudes of the alternating potentials, i.e., in the limit at J, =0. 

The values of const.9, const.;, const.2, and const.; at 7,=0 can be deter- 
mined graphically from the data of Table II, by constructing curves showing 
the relations between these constants and the plate current which, as we have 
seen before (I, §6) approximately corresponds to the amplitude of oscillations 
and, which is more important, appears only when oscillations are present. 
For this last reason the condition J, =0 does really correspond to the condi- 
tion of infinitely small amplitudes of alternating potentials. These curves are 
shown on Fig. 3. We find by extrapolation 
const.9 = 6.70 X 10° 
const.;= 1.65 “ 
const. = 0.735 “ 


const.3; = 0.43 “ I,=0O0 
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where the value 0.735 X 10° is taken directly from Table II. Hence we obtain 


const.o const. 9 const. o 
a = 4.1 _—— = 9.1 —_—_—— = 15.6. 
const. 1/ m=0 const. 2/7.=0 const. 3/74=0 


The discrepancy between these figures and the theoretical values does 
not exceed the limits of the possible errors. This proves that as far as can be 
seen from the above investigations, the difference between the observed and 
calculated wave-lengths is to be completely explained by the dependence of 
the length of waves on the amplitude of the alternating potentials which ap- 
pear on the grid and the plate of the tube during oscillations. 

Evidently it does not follow that the dependence of the wave-length on 
the heating current can always be explained as being due to the influence of 
alternating potentials alone. When observations are made in the region 
E,<£, a greater influence can be exercised by the space charges of which we 
have spoken previously (II, §12). On the other hand, our results permit us 
definitely to deny the widely spread opinion, according to which a decisive 
importance is attributed to the space charges in all cases when explaining 
the dependence of the wave-length on the emission and heating current. This 
opinion is usually connected with the notion that the amplitudes of the alter- 
nating potentials are vanishingly small in comparison with the constant grid 
potentials and that the influence of the alternating potentials on the period 
of electronic oscillations is insignificant. This conception is erroneous. 

The dependence of the wave-length on the amplitude of oscillations and 
the heating current enables us to explain some of the other phenomena ob- 
served. We shall mention as an example the displacement of the regions of 
oscillations with a change in the heating current (II, $13). Since to each point 
of the diagram corresponds its own wave-length it is clear that a change in 
the heating current and a consequent change in the wave-length must pro- 
duce a displacement of the region of oscillations. Furthermore, the regions 
of normal waves will be differently displaced than the regions of dwarf waves; 
for their wave-lengths change differently with varying heating current, as we 
have just seen. The fact that for aormal waves of low intensity, when they 
are mixed with the dwarf waves (II, §13), the values of \*E, are greater than 
usual will also be readily understood. 


§5 

In the previous paper we have discussed the results of a graphic integra- 
tion of the equations of motion of the electrons in the tube, performed by 
G. Kreutzer. As we saw, the electronic trajectories showed that the alternat- 
ing potentials at the electrodes of the tube must decrease the length of the 
dwarf waves. On the other hand, we have found above, that the length of 
the dwarf waves increases with an increase in the heating current and the 
amplitude of the alternating potentials. As a matter of fact, these two results 
are not contradictory. The graphic integration of the equations of the motion 
of the electrons was performed for the case Ey/E,=1/10, Ey being the ampli- 
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tude of the alternating potentials. Direct measurements of the amplitude of 
the alternating potentials, which we shall not discuss for the present, showed, 
however, that for our dwarf waves of the 2nd and 3rd order the maximum 
value of the ratio Eo/E, is approximately equal to 1/30 —1/45, i.e., is con- 
siderably below the value assumed in our computations. For dwarf waves of 
the first order this ratio had a larger value being approximately equal to 
1/14, as a maximum. Fig. 1 shows that it is exactly for these waves that the 
curve showing the relation between the wave-length and the heating current 
has a maximum. Hence it follows that in the case of dwarf waves the alter- 
nating potentials at the electrodes of the tube have the following effect: the 
wave-length increases at first, reaches a maximum and decreases as the am- 
plitude of oscillations is further increased. It is evident that no maxima are 
observed on the curves relating to dwarf waves of the 2nd and 3rd orders 
simply because the amplitudes of the alternating potentials are very small in 
this case. On the other hand, all the calculations were made for relatively 
large amplitudes of alternating potentials. This explains the apparent dis- 
crepancy mentioned above. 


$6. ON THE LIMITING VALUE OF CONST.» 


There are several formulas expressing the length of the waves in terms of 
the voltage at the electrodes and the dimensions of the tube. The simplest 
one is the well-known formula of H. Barkhausen 


NE, = d.2 X 10° (8) 


which is easily obtainable from Eqs. (1) and (2). This formula claims no 
particular accuracy, since in deriving Eq. (2) plane electrodes were assumed 
for the sake of simplicity. 

S. Zilitinkiewitch® and A. Scheibe™ obtained more accurate formulas 
which take into account the cylindrical shape of the electrodes. The formula 
of S. Zilitinkiewitch is expressed in a function of two rather slowly converging 
series. It is therefore less convenient than the formula of A. Scheibe. The lat- 
ter formula can be written as follows for the case when the plate potential 
are low or equal to zero: 


NE 2co7d,? (fa ] , ] )! 9 (In d f 1 )/2]? (9) 
4 Se — Nn d,/¢ os + a/ ¢ = 
. e/m X 10° _— s wis 





where d,, d, and d; are the diameters of the plate, grid and filament respect- 
ively, e/m is the ratio of the electronic charge to its mass“ and the two func- 
tions in the brackets are: 


2S. Zilitinkiewitch, Drahtl. Tel. u. Tel. (Russ) 18, 2-22 (1923); 19, 166-175 (1923); 
Arch. f. Elektrot 15, 470-484 (1926). 

8 A. Scheibe, Ann. d. Physik 73, 54-88 (1924). 

4 The constant coefficient [2co?/(e/m) X 10°] = 1.017 X 10°. Strictly speaking, formula (8) 
also ought to have this coefficient. It had been omitted, as this formula is only approximate. 
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f(In d,/d;)'!? = f(x) = ve | e" dn 

: (10) 
g(In d,/d,)'/? = g(x) = xe* fe ndn. 

0 


The numerical values of f(x) and g(x) can be obtained from the tables given 
in the paper of A. Scheibe™ or from more detailed tables computed by N. 
Kapzov and S. Gwosdower."® 

As to the accuracy of Barkhausen’s formula, we have already mentioned 
that it gives wave-lengths which differ by approximately 15 percent from 
the observed values. Of course, this figure refers only to the observations 
described above. From what we have said, it follows that the discrepancy 
between the observed and the calculated lengths of normal waves must be- 
come greater at greater amplitudes of oscillations. As an example, we can 
mention our preliminary measurements made with two tubes working simul- 
taneously (II, §3). During these observations the plate current was greater 
than the one given by a single tube, \°Z, was equal to 5.44. 10° and the dis- 
crepancy between the observed length of normal waves and that given by 
formula (8) was approximately 20 percent, as could be readily shown by 
simple computations. 

The formula of A. Scheibe has been verified experimentally several times. 
As could be expected, it was in better agreement with the observations than 
formula (8). Nevertheless, the values it gave differed by some 10 percent from 
the observed wave-lengths. 

Approximately the same agreement with the experimental data is ob- 
tained using the formula of S. Zilitinkiewitch, judging from the data of his 
paper. It must be mentioned that the obtained wave-lengths (normal waves) 
are always shorter than those computed from formulas (8) and (9). 

In deriving formula (9), as well as in deriving formula (8), the dependence 
of the length of waves on the amplitude of the oscillations has also not been 
taken into account and the electrode potentials were assumed to be constant. 
From the preceding it is clear that for this reason alone there could be no 
good agreement between these formulas and the observations. 

In the limiting value of (const.o)J,=0 the effect of the alternating poten- 
tials is eliminated. Hence, this value must be in better agreement with for- 
mulas (8) and (9) than the direct observations. We shall-verify this state- 
ment. 

Let us consider formula (8). As we have seen previously (II, §4), for the 
tubes of the type R5 this formula gives: 


const.Barkh = 7.6 X 10°. (11) 


This value differs from our limiting value 6.7010° by approximately 12 
percent. This corresponds approximately to a 6 percent difference in the 
wave-lengths, since the constant contains the square of the wave-length. 


18 N. Kapzov u. S. Gwosdower, Zeits. f. Physik 45, 114-134 (1927). 
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As previously this difference in the wave-length amounted to approximately 
15 percent (the difference in the values of \°E, being approx. 30 percent) 
it becomes evident that among the errors of this formula, the largest error is 
introduced by neglecting the effect of the alternating potentials. Of course, 
this statement refers only to waves of sufficient intensity, such as our normal 
waves. As the intensities of the waves falls off, there must be a decrease in the 
relative error due to the alternating potentials. 
Using formula (9) we obtain :" 


const.sch = 7.22 X 10°. (12) 


This value differs from the limiting value of (const.o)7,=0 by approximately 
7 percent, which corresponds to a difference in the wave-lengths of approxi- 
mately 3.5 percent. It could be shown by computations that the difference 
between directly observed wave-lengths and formula (9) constitutes approxi- 
mately 12 percent. By comparing this figure with the preceding one, we can 
see again how large is the error introduced by neglecting the influence of the 
alternating potentials. . 

Under the conditions of our experiments the possible errors in formulas 
(8) and (9) can roughly be estimated as thus: neglecting the alternating 
potentials at the electrodes introduces in the wave-lengths an error of about 
9 percent; the simplification of the problem by assuming plane instead of 
cylindrical electrodes introduces an error of about 3 percent, finally, all the 
other possible causes,'’ including the effect of space charges and the initial 
velocity of the electrons, introduce an error of also approximately 3 percent. 

Comparing the magnitudes of all these errors it can be seen that in de- 
veloping a theory of the generation of ultra-short waves there is no particular 
need of taking into account the shape of the electrodes. 

In order to simplify the problem, it is quite sufficient to assume the elec- 
trodes of the tube to be plane. At the same time, it is quite necessary to take 
into account the effect of the alternating potentials. This is true of all prob- 
lems which aim at determining the length of the generated waves, the time 
it takes the electrons to pass inside the tube, etc. In other cases, for example, 
in deriving formulas determining the conditions of the appearance of oscilla- 
tions, their energy, etc., the assumption of plane electrodes will be of greater 
importance. 


$7. 


In deriving formulas (8) and (9) the wave-lengths were determined from 
the time it takes the electrons to pass from the filament to the plate and back 
to the filament. The very small difference existing between the values of 
(const.o) 7,9, CONSt.parkh ANd Const.sc, Shows that the normal waves generated 
by the tubes do really correspond to the time of passage of the electrons from the 

16 The tubes of the type R5, which we investigated, had d, (internal) =0.87 cm; d, (mid- 
dle) =0.37 cm; d; =0.006 cm. 

17 The error introduced through experimental errors is very small. For example, for obser- 
vations given in Table V of article II the calculations give for normal waves *E, =5.78 X 10° + 
0.017. 
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jilament to the plate'® and back to the filament, in other words, they correspond 
to a complete period of electronic oscillations about the grid of the tube. 
This conclusion is of a very great importance for the theory of the generation 
of ultra-short waves. There exists a number of papers,!® in which the length 
of waves is calculated from the time it takes the electrons to pass from the 
grid to the plate and back to the grid. This tendency of using a shorter path 
is quite understandable in view of the fact that the observed wave-lengths are 
always shorter than those obtained from formulas (8) and (9), as we have 
mentioned before. The agreement between the theory and the observations 
can be improved thereby. The foregoing considerations show, however, that 
another way must be chosen in order to obtain a better agreement between 
the theory and the observations. Namely, the effect of the alternating poten- 
tials on the motion of the electrons within the tube must be accurately esti- 
mated. At the same time, it is necessary to preserve the fundamental idea of 
H. Barkhausen’s theory, according to which the length of the normal 
waves, generated by the tube corresponds to a complete period of electronic 
oscillations. This idea is unquestionably correct. The only possible exception 
is the case when waves are generated by a tube with a very closely wound 
grid (close mesh). In such a case, as it was shown by H. Hollmann,$ it is 
possible to obtain, together with the usual oscillations, the so called “oscilla- 
tions of a higher frequency.” They will correspond to the shorter path and to 
a shorter time of passage of the electrons, which in this case will be easily 
captured by the grid on their way from the plate to the filament. 

In conclusion the author wishes to express his gratitude to the Carnegie 
Corporation of New York for the grant of a Fellowship and to Professor 
R. A. Millikan for the facilities of the Norman Bridge Laboratory. 


18 Strictly speaking to the point of reversal. 
19 See, for example, E. W. Gill and J. H. Morrell, Phil. Mag. 44, 161-178 (1922), D. Pfet- 
scher, Phys. Zeits. 29, 449-478 (1928); E. W. Gill, Phil. Mag. 12, 843-853 (1931). 
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The Hall Effect With Audiofrequency Currents 


By LAWRENCE A. Woop 
Department of Physics, Cornell University 


(Received May 16, 1932) 


Hal] e.m.f. in tellurium for currents of frequencies up to 25,000 cycles per sec.— 
The Hall e.m.f. in tellurium has been investigated with currents of frequencies up to 
25,000 cycles per second, with particular reference to any effect of frequency on the 
magnitude of the Hall coefficient Ry, and on the phase of the Hall e.m.f. relative to the 
longitudinal current producing it. A Hartley-circuit vacuum-tube oscillator furnishes 
thecurrent for the specimen, which is placed in a constant magnetic field of about 3000 
gauss. The Hall e.m.f., amplified by a resistance-coupled vacuum-tube amplifier, is ob- 
served on a cathode-ray oscillograph. A general method of procedure is indicated for 
use in comparing alternating e.m.f.’s as small as a few millivolts or less with respect to 
magnitude and phase. The current drawn and the power consumed are entirely 
inappreciable. The results of a comparison method of this sort and a null method agree 
in the conclusion that in the range studied, the Hall coefficient for tellurium is constant 
to within about 2 percent for frequencies up to 10,000 c.p.s.and to within7 percent for 
the complete range. This agrees with the results of Smith on bismuth. For the speci- 
men used the value found for the Hall coefficient is Ry =481. The two methods also 
agree in finding the frequency, wave-form, and phase of the Hall e.m.f. the same as 
those of the longitudinal current producing it. The phase difference, if any, is believed 
to be less than 2° at frequencies below 20,000 c.p.s. and less than 4° at 25,000 c.p.s. 


ALTERNATING-CURRENT HALL EFFECT 
' ; ‘HE usual equation for the Hall e.m_f. 


Eun = RuyHI/d (1) 


(in which Ry, is the Hall coefficient, J7 the magnetic field, d the thickness of 
the plate, and J the current) shows that the e.m.f. reverses direction with 
reversal of the current. The Hall effect may be regarded as a rotation of 
the equipotential lines in the plate, and it may be readily shown! that 


Ruy = p tan@ (2) 


where @ is the angle of rotation and p is the resistivity of the material. The 
angle of rotation is thus seen to be independent of the magnitude and direc- 
tion of the current. 

The number of workers who have investigated the Hall effect with alter- 
nating currents is surprisingly small. All investigators?*** agree that the 


1 Campbell, Galvanomagnetic and Thermomagnetic Effects, Longmans, Green, and Co., 
1923. 

2 Des Coudres, Phys. Zeits. 2, 586 (1901). 

3 Von Traubenberg, Ann. d. Physik 17, 78 (1905). 

* Zahn, Ann. d. Physik 36, 553 (1911). 

5 Smith, Phys. Rev. 35, 81 (1912). 
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magnitude of the effect is the same as with direct current, but no further 
observations of its character seem to have been reported. 

In the work described in the present paper, alternating current, furnished 
by an oscillating vacuum-tube circuit was maintained in a tellurium plate. 
A unidirectional magnetic field produced an alternating Hall e.m.f. which 
was then amplified by the use of a vacuum-tube amplifier and observed on a 
cathode-ray oscillograph. 

An arrangement of this sort has two important advantages over those 
previously used for studying the a.c. Hall effect. In the first place, practically 
no current is drawn from the circuit for the purpose of measurement (obser- 
vations indicating that even the d.c. grid current is less than 10-* amp.), and 
thus we are able to deal with an actual Hall e.m.f. rather than with a Hall 
current, which may disturb conditions in the plate, and which in any case 
necessitates corrections for the inductive effects of leads and measuring in- 
struments. Secondly, observations can be made of the frequency, wave form, 
and phase of the Hall e.m.f. as well as of its magnitude. 


POTENTIALS 
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Fig. 1. Amplifier-—oscillograph circuit diagram. 


Tellurium was chosen because of its extremely large positive Hall coeffi- 
cient. Bismuth, the material used in the high frequency work of Smith® (the 
only other observer to work at higher than commercial frequencies), has a 
negative coefficient of smaller magnitude. 


EXPERIMENTAL ARRANGEMENT 
Oscillator 


The vacuum-tube oscillator was of the conventional Hartley circuit type, 
utilizing a UX 250 tube and giving a maximum power output of almost five 
watts. It was unshielded and was placed about twelve feet from the other 
apparatus, it being found by experiment that this distance was sufficient 
to prevent direct transfer of energy to the shielded amplifier and was more 
satisfactory than shielding. The inductance was a flat multilayer coil with air 
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core. For the purpose of electrostatic shielding a grounded strip of solid cop- 
per was placed around the coil, the lapped ends being insulated from each 
other in order to avoid electromagnetic shielding. Outside this, ten turns of 
wire formed a pick-up coil sufficient to maintain a half-ampere current in the 
tellurium plate. 

The specimen was shielded from the oscillator and other electrical dis- 
turbances by being placed in a grounded copper box. 


Hall plate and magnetic circuit 


The tellurium plate itself, of dimensions 420.25 cm, was cast in a 
rectangular hole cut in an asbestos plate and supported on a second asbestos 
plate rotated 45° with respect to the first, to give support to the lead wires. 
Platinum wires running through a groove between the asbestos plates were 
melted into the tellurium when the plate was cast. These made three fixed 
contacts with the plate—one at each end and one on one side. 

A fourth contact P on the opposite side, was a movable pin which made 
contact with the upper surface of the plate. This pin was mounted on a car- 
riage, similar to the tool-rest on a lathe, which gave by adjustment of micro- 
meter screws two-dimensional motion in the plane of the specimen. The pres- 
sure of the contact at P could be adjusted by a thumbscrew. 

The plate was mounted in the air gap of a magnetic circuit in which fields 
up to slightly more than 4000 gauss could be obtained. 


Amplifiers 


The two amplifiers, placed in a second large copper box, each consisted of 
a UX 201A tube followed by three stages of resistance-coupled amplification 
employing the “high-mu” UX 240 tubes. This gave a voltage amplification 
of 40,000 when needed. The amplification was controlled by varying the fila- 
ment voltage. 

One amplifier served to amplify the Hall e.m.f. or an ohmic p.d., while the 
other, merely in order to impress on the oscillograph a voltage of the same 
frequency as the first but of variable phase, amplified the voltage picked up 
by a single-turn coil about a foot away from the oscillator. This coil could be 
rotated to vary the amplitude. The variation of phase was accomplished by 
the use of a variable condenser Cp placed across the amplifier output. When 
this variation was not sufficient, a resistance was placed in series with the con- 
denser and the potential across one or the other placed on the oscillograph. 

It was not desirable to connect the oscillograph directly across the plate 
resistance of the last amplifier tube, because of the potential difference caused 
by the d.c. plate current. An output transformer did not prove satisfactory 
because of variations in magnitude and phase of the output with change of 
frequency and conditions of operation of the amplifier. Placing a two micro- 
farad blocking condenser in the line to the oscillograph, however, accom- 
plished the desired result without appreciable reduction of the a.c. voltage to 
be measured. 
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Oscillograph 

The cathode-ray oscillograph, a Bedell-Reich Oscilloscope,’ was used to 
examine the output of the first amplifier, either with the horizontal linear 
time axis or with the horizontal sinusoidal time axis provided by the second 
amplifier, or with no horizontal displacement at all. Amplified stabilization, 
as described by Bedell and Kuhn,’ was employed with the linear time axis. 

A method of frequency measurement* by means of a calibration of the 
current charging the condenser in the “sweep voltage” circuit of the linear 
time axis of the oscilloscope was employed. 

In order to avoid the distortion® often produced in the oscillograph tube 
when the electric field across the vertically-deflecting plates is zero, a 45-volt 
B-battery in series with a resistance was placed across these plates. The spot 
was then brought back to the center of the screen by a permanent magnet 
above the tube. Experience showed that this eliminated the distortion and 
introduced no appreciable additional change in the beam. 


PROCEDURE 
I, Comparison method 


The first method consisted of the comparison of the Hall e.m.f. with an 
ohmic potential difference as nearly as possible in phase with the current in 
the tellurium plate and proportional to it. Comparison of the magnitudes 
of the two voltages was followed by a comparison of their phases. The mag- 
nitude comparison involved merely the measurement of the oscillograph 
deflections, first when the Hall e.m.f. was placed across the amplifier A, and 
then when, by a switch, connections were shifted to place the ohmic potential 
difference across the same amplifier. 

A similar plan was followed in the phase comparison, but in this case the 
second amplifier Ag was utilized. With the ohmic potential difference on the 
vertically-deflecting plates of the oscillograph, the phase of the comparison 
voltage Ee was varied by variation of condenser Cp until there was no phase 
difference. By the shift of connections already mentioned the Hall effect itself 
could now be amplified by the same amplifier and placed across the vertically- 
deflecting plates. By this means the phase of the Hall e.m.f. could be com- 
pared with that of E, and thus with that of the ohmic potential difference. 
Any phase difference showed itself in an opening of the straight line into an 
ellipse. Measurements of the amplitude of the vertical and horizontal deflec- 
tions separately and of the major and minor axes of the ellipse gave data for 
phase computations. 

After several other methods of obtaining the ohmic potential difference 
had proved unreliable, it was realized that a potential difference E, along the 
edge of the plate itself, obtained by displacing the movable pin contact P a 
fixed distance from its initial position P,, was certain to be in phase with the 


6 Bedell and Reich, Journal Am. Inst. E. E. 46, 563 (1927). 
7 Bedell and Kuhn, Rev. Sci. Inst. 1, 227 (1930). 

8’ Wood, Rev. Sci. Inst. 3, 378 (1932). 

® Bedell ard Kuhn, Phys. Rev. 36, 993 (1930). 
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current and proportional to it, providing only that the inductive reactance of 
the plate was negligible in comparison with its resistance. Calculation indi- 
cated that this was true. 


II. Null method 


The second or null method of observation, obviously suggested by the 
other method, employed the potential difference Eg along the side of the plate 
to balance out the Hall e.m.f. Accordingly with the amplifier A, connected 
to terminals P and Q on an equipotential line as before, the magnetic field was 
impressed across the plate and the resulting Hall e.m.f. Ey, was balanced out 
by a displacement of point P parallel with the edge of the tellurium plate 
from its former position P; to a new position P2, so that P, and Q lay on 
the same new equipotential, as shown by zero vertical displacement of the 
oscillograph. No horizontal deflection whatever was employed. In the com- 
parison method, Eg was made only approximately the same size as Ey; here 
they were made exactly equal by this adjustment for zero deflection. The 
amplifier and oscillograph were thus used here only as a potential-detecting 
instrument. 

The location of P, should be dependent only on the angle of rotation of 
the equipotentials, and thus should be independent of the current and of the 
actual size of the Hall e.m.f. and consequently independent of the amplifica- 
tion. With P: left fixed, the frequency was varied in order to observe whether 
P, and Q still remained at the same potential. 


RESULTS 

A detailed summary of some of the experimental results obtained by each 
method will now be given. 

In the first place, the production of ellipses and straight lines on the oscil- 
lograph screen showed that the frequency of the Hall effect was the same as 
that of the current in the tellurium plate. There was hardly any doubt that 
this result was to be expected, yet apparently no direct observations of this 
sort had been made previously. Furthermore the fact that the ellipses and 
lines were undistorted showed that the wave-form of the Hall e.m.f. was essen- 
tially the same as that of the current producing it. 

Values obtained in the E,—Eg, comparison are given in Table I. The 
numerical values of the oscillograph deflections recorded are of no particular 


TABLE I. Amplitude and phase comparisons at different frequencies. 
I=0.48 amp. H=3100 gauss. 























f Magnitude | Phase 

(c.p.s.) 2En 2Ep Enx/Epn | 2En 2E.* 2b re) 
750 7.63cem 7.48cm 1.02 | 7.5cm 7.4cm <O0.3cm <3° 20’ 
2750 7.34 7.19 1.02 7.8 7.6 <0.3 <3° 10’ 
5500 7.53 7.34 1.03 7.4 7.2 <0.3 <3° 20’ 
10000 7.27 7.25 1.00 | 7.2 eon <0.3 <3° 30’ 
19200 6.30 6.10 1.03 | 6.1 6.3 <0.3 <3° 50’ 
25000 2.75 2.70 1.02 | 2.9 3.0 <0.3 <8° 20’ 

















* Adjusted to phase equality with Ex. 
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significance; it is the variation of their ratio with frequency that is of interest. 
‘The column headed @ gives the phase angle between Ez and E,,, as computed 
by the method given below from the experimental observations in the pre- 
ceding three columns. 

In the null method, when P was placed at the equipotential point P, ata 
given frequency by making the oscillograph deflection zero, it was observed 
that at each other frequency within the range studied the oscillograph deflec- 
tion, if any, was too small to be measured. It could not have been greater 
than 0.2 cm. This held true even when the amplification (at all but the fre- 
quencies above 10,000 ¢.p.s.) was increased to a value which would have 
produced a Hall e.m.f. deflection three or four times those previously used 
(in the comparison method). At frequencies above 10,000 c.p.s. the full ampli- 
fication obtainable was used at all times. 

A similar test was also made without the magnetic field, and, to the same 
precision as before, the location of P; was also found to be unchanged with 
frequency. 

The distance between P; and P2, when a field of 2900 gauss was used was 
observed to be approximately 0.022 cm. This corresponds to an angle @ of 
rotation of the equipotentials of about 38’. 


INTERPRETATION OF RESULTS 


Combining the Hall equation 
En = Ruy-(H/d)-I (1) 


with 
Ep = Zp (3) 


where Zz is the impedance between the two points P; and P, along the edge 
of the tellurium plate, we obtain 


En/Ep = C7, d)(1/Zp) Ru. (4) 


Thus the question of the constancy of Zz with frequency is seen to be of 
importance here. 

The inductance of the tellurium plate was calculated'® to be 0.024 micro- 
henry, corresponding to an inductive reactance of 0.0038 ohm at 25,000 c.p.s. 
The value of the resistance of the plate, measured directly, (2.5 ohms) is 
about 660 times this value, and hence Zz should be independent of frequency 
within the precision of the measurements. The constancy of the E,,/ Ex ratio 
as shown in Table I then indicates that there is no change in Ry with fre- 
quency. 

The question of the determination of phase from measurements of a given 
ellipse has already been discussed elsewhere.'! The formula developed there is 


sing = ab/A Ay (5) 


1 Bureau of Standards Circular No. 74 (Radio Instruments and Measurements), page 246. 
1 Wood, Rev. Sci. Inst. 2, 644 (1931). 











HALL EFFECT WITH ALTERNATING CURRENTS 237 


where a and b are the semi-axes of the ellipse, and A , and A , half the hori- 
zontal and vertical deflections respectively. Measurements of all four quanti- 
ties were made, and the phase angle calculated by this formula. The four 
quantities are also connected by the relation: 


AZ+AP=04+ 8. (6) 


This relation was used as a check on the measurements. 
The phase angle ¢,; between Ez and the current J should be such that 
tan dp, = Xp/ Rp. (7) 
The argument to show that this ratio of inductive reactance Xz to resistance 
R; along the edge of the plate is negligible has already been given in the dis- 
cussion of the magnitude ratio E,/ Ex. 

Thus the phase of Ez is negligibly different from that of J. From Table I 
it may be seen that ¢@ the phase angle between Ez and Ey, if different from 
zero, is smaller than can be detected by this method. 

In the null method the simple fact that the locations of P; and P: are un- 
changed with frequency variation, leads to the conclusion that both magni- 
tude and phase of the Hall effect are independent of frequency. 

Since the oscillograph deflection remained zero to within 2 mm in, say, 
150 mm at frequencies of 10,000 c.p.s. or below, we may say that the Hall 
coefficient is constant (or proportional to the impedance, if our calculations 
in regard to the negligibility of inductive reactance should be in error) to 
within 1.5 percent. At a frequency of 25,000 c.p.s. we may say that it is con- 
stant to within 2 mm in 30 mm or 7 percent. Thus this method checks with 
greater precision the result of the comparison method in finding no change of 
Hall coefficient with frequency. 

The very fact that it is possible to find a point P, at the same potential 
as Q, when the magnetic field is turned on, shows that there is no phase dif- 
ference between the Hall e.m.f. and the current producing it. Calculations 
indicate that a phase difference of 2° could have been detected at frequencies 
below 20,000 c.p.s. and a phase difference of 4° at 25,000 c.p.s. 


MAGNITUDE OF THE HALL COEFFICIENT 


Although the primary object of this work was merely to observe changes 
in the magnitude and phase of the Hall effect with frequency, no particular 
attention being paid to making a careful measurement of the actual value of 
the Hall coefficient Ry, it is possible to make an approximate calculation of its 
value, from observations made in a comparison method similar to that already 
described, but which involved the use of the potential across a small series 
resistance. 

The comparison with the small series resistance proved unsatisfactory 
only at the higher frequencies. Therefore, since the average low-frequency 
value of the Ey/Ep ratio was 1.115 and Zr = Rr =0.005 ohm, we are able to 
utilize an equation similar to that already derived for the Ey/E, ratio, 
namely, 


En/Er = (H/dZr)Ru (8) 
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in order to calculate R,. Other numerical values are JJ = 2900 gauss, and d 
=().25 cm, the latter dimension being somewhat uncertain. Thus we find for 
the Hall coefficient 
Ru = 481 
in reasonable agreement with values reported by other observers working 
exclusively with direct currents, as given in Table II (taken from Campbell's 
monograph!). 
TABLE II. Tellurium Hall coefficient. 





Temp. H Ru Observer 
20°C 2800 530 Ettingshausen and 
Nernst 
27.t° Immaterial 784 Wold 
65° 4000 430 Lloyd 
_- — 500 Zahn 
21.8° 8800 I 536 Smith 


20 .3° 8800 


II 621 


Smith 
CONCLUSIONS 

It would seem manifestly desirable to continue the work to higher fre- 
quencies. In view of the radical changes in technique rendered necessary at 
radiofrequencies, this was not attempted in the present investigation. The 
null method, in particular, would seem to lend itself readily to this extension, 
and work upon it is now in progress. 

The combination of two amplifiers and oscillograph offers, it would seem, 
a powerful tool for the investigation at different frequencies, of the phase 
and magnitude of small voltages other than the Hall e.m.f. The comparison 
procedure here outlined could be followed with little change. 

Finally, the author desires to express heartfelt gratitude to Professor 
Merritt, who suggested the problem and without whose continued interest it 
could not have been carried to completion, as well as to many other friends 
whose advice and suggestions have been extremely helpful. 
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Some Thermo- and Galvanomagnetic Properties of a 
Bismuth Crystal 


By H. E. Banta 
The Rice Institute 


(Received June 9, 1932) 


The fractional changes, due to a magnetic field, in the electrical conductivity, in 
the thermal conductivity, and in the thermoelectric power of a single bismuth crystal 
are measured in these experiments. These changes are determined as a function of the 
field strength, of the direction of the field, of the direction of the crystal axis, and of 
the direction of the heat and electric currents through the crystal. An electric current 
sent through the crystal cools one junction and heats the other by the Peltier effect. 
The temperature difference thus produced gives rise to a thermal e.m.f. in the crystal 
circuit. Observations of this e.m.f. allow the calculation of the fractional changes pro- 
duced in the thermal conductivity and in the thermoelectric power. The change of 
electrical conductivity is influenced much more strongly by the crystal structure than 
is the change of thermal conductivity. Crystal structure and orientation of the mag- 
netic field both affect strongly the change in the thermoelectric power. The theory of 
electrons in metals in its present form does not give an adequate explanation of the 
results. If the magnetic field changes the free electron density in bismuth some of the 
results may be explained in a general way. 


N 1886 Nernst and Ettingshausen! discovered that if a copper-bismuth 

thermocouple were put in a magnetic field, the e.m.f. of the couple was 
changed. In their experiments the magnetic field was perpendicular to the 
direction of heat flow. They concluded that the effect varied with the square 
of the magnetic field strength and with the temperature, but was independent 
of the dimensions of the bismuth. Other investigators? have found that the 
effect exists for other orientations of the magnetic field, but that the magni- 
tude of the effect depends on the direction of the field; that? if a single crystal 
is used, the magnitude of the effect depends also on the orientation of the 
crystalline axis. 

The intimate connection between the thermoelectric power, thermal 
conductivity, and electrical conductivity (all three being supposed to depend 
on free electron concentrations) suggests that a study of their changes in a 
magnetic field and the relation between these changes and the position of the 
crystalline axis might add materially to the knowledge of the nature of 
galvanomagnetic and thermomagnetic effects. This paper contains an account 
of such a study with single crystals of pure bismuth. 


APPARATUS AND METHOD 


The method used was in general as follows:—an electric current sent 
through the crystal cools one junction and heats the other by the Peltier 


1 Nernst and Ettingshausen, Wied. Ann. 29, 343 (1886). 
2 Hall and Campbell, Proc. Am. Acad. 46, 625 (1911); A. W. Smith, Phys. Rev. 2, 383 
(1913); Lownds, Ann. d. Physik 4, 776 (1901). 
3C. W. Heaps, Phys. Rev. 31, 648 (1928). 
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effect. This current is broken and a very short time afterwards the crystal is 
connected to a potentiometer which is set to balance the thermal e.m_f. 
produced by the temperature difference at the junctions. This same experi- 
ment is repeated when the crystal is in a magnetic field. It is then possible to 
calculate the fractional change of the thermoelectric power produced in the 
crystal by the field. This general method was first used by la Rosa.‘ He did 
not, however, make a necessary correction for a possible effect of the field on 
the thermal conductivity. 

The arrangement of the apparatus is shown in Fig. 1. A single crystal of 
bismuth was immersed in oil between the poles of a large Weiss water-cooled 
electromagnet. The electromagnet could be rotated so as to vary the direc- 
tion of the magnetic field. The crystal was soldered to copper wires with 
Wood's metal. Two Burgess vacuum relays were connected to these wires. 

















Potentiometer 





Fig. 1. Arrangement of apparatus for measuring change of thermoelectric power and thermal 
conductivity in a magnetic field. 


The relays were operated by a rotary switch running at constant speed. They 
were so arranged that both were never closed at the same time. From Fig. 1 
it is seen that relay 1 controlled the current through the crystal, and relay 2 
connected the crystal across the potentiometer. The galvanometer used with 
the potentiometer, of the astatic moving magnet type, was adjusted to a 
sensitivity of about 300 mm per microvolt. 

In the position shown the rotary switch allows a current 7 to pass through 
the crystal. This current, because of the Peltier effect, produces a tempera- 
ture difference between the junctions on the crystal. Rotating the rotary 
switch cuts off this current by operating relay 1. At an adjustable time ¢ later, 
by operating relay 2, the rotary switch connects the crystal to the potenti- 
ometer for a very short time. Farther rotation turns on the current 7, and the 
cycle is repeated in the next revolution of the rotary switch. If the potenti- 
ometer is not adjusted to the e.m.f. of the crystal, the galvanometer will be 
deflected once during each cycle. By adjusting the potentiometer till the 
galvanometer is not deflected, the thermal e.m.f. in the crystal circuit could 
be measured. The rotary switch was arranged so that the e.m.f.’s £,; and FE, 


* La Rosa, Nuovo Cim. 18, 26 (1919). 
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at two times ¢; and f, after the current was cut off could be determined. E, 
and FE, were determined with and without the magnetic field. The apparatus 
was capable of measuring an e.m.f. to a tenth of a microvolt; but variable 
stray thermal and contact e.m.f.’s make the accuracy of observation some- 
what less than this. 


THEORY OF THE METHOD 


The heat generated at the hot junction, for example, raises the tempera- 
ture of that junction, and is then conducted partly through the crystal to the 
cold junction and partly into the oil around the junction. If the electric cur- 
rent has been flowing long enough for the crystal junctions to reach an 
equilibrium temperature difference, the heat is conducted away as fast as it 
is liberated. If the heat conducted through the oil from one junction to the 
other be neglected, the heat conducted through the crystal will be equal to 
the Peltier heat liberated at the hot junction plus the difference between the 
Joule heats developed at the hot and cold junctions. Hence 


in + (re — 71) = kBdb/dx (1) 


where 7 is the electric current, 7 the Peltier coefficient, 7; and rz the resistances 
of the cold and hot junctions respectively, k the thermal conductivity, B a 
constant depending on the dimensions of the crystal, and d@/dx the tempera- 
ture gradient along the crystal. The term 7°(r2—r,) is the difference between 
the Joule heats developed at the two junctions, which must be conducted 
through the crystal. Let d@/dx=Aé@/1, ] being the length of the crystal and 
Aé@ the temperature difference between the junctions. In a magnetic field cer- 
tain of these quantities will be changed. Denoting by a subscript // the values 
of these quantities in a magnetic field /7, we have 


ity + P(re — rin = ky B(Abn/1); 
whence 


imu + i*(re — ri) 


im + i*(re — r;) 





Ady / AO = k/ky (2) 


When 7 is reversed the heat iz is reversed in sign, but the heat 77(rz2—1r,) re- 
mains unchanged. It is thus possible by reversing 7 to estimate the magnitude 
of 72(re—r,)/ir. For example, E; was 76 microvolts; when the current was 
reversed FE; was 84 microvolts. Thus the Joule heats developed at the two 
junctions contributed 4 microvolts to the observed e.m.f. In every case ex- 
periments gave 7°(r2—r,)/im less than 0.1. Thus to a good approximation 


AOy / AO = (k/kun)(tn/m). (3) 


Substituting E=PA@ and P=7/6, where E is the e.m.f. of the crystal 
thermocouple and P its thermoelectric power, we get 
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Putting AE = Ey — E and Ak =ky —k this relation gives 
AP/P = (1 + (AE/E)o + Ak/k + (AE/E)oAk/k)"? — 1 (S) 


where (AE/E), is the value of AE/E at time ¢=0, immediately after the 
electric current is cut off, but before sufficient heat has been conducted away 
through the crystal to diminish A@ appreciably. In order to calculate AP /P 
it is necessary to calculate Ak/k and (AE/E)o. 

Determination of Ak/k. 

To determine Ak/k we utilize the fact that A@ is decreased after the 
electric current is stopped by conduction of heat through the crystal. Let 
d/dt(A@) = —AkA@, A being a constant. This equation gives log (A@/A@) = 
— Akt, where A@ is the value of A@ when t=0. Since E/E) =A0/A%, we have 


log (E/E) = —Afkt. It is impossible to observe Ey experimentally. However, 
let E; and E, be the values of E at times ¢; and f) respectively. Then 
log (E2/E,) = — Ak(te — ti); log (E2/E:\)uw = — Akun(te — th), (6) 


the H/ subscripts again denoting values obtained in a magnetic field. Divid- 
ing the second of these equations by the first and setting Ak = ky —k gives 


- log (E2/E1) x 


Ak/k = 1. (7) 
log (E2/F) 





Determination of (AE/E)o. 
To determine (AE/E)) we combine the two equations log (£;/Eo)x 
= —Akyt, and log (E,/Eo) = —Akt, getting 


Eon/Eo = Ein/EyeA tn = Eyy/Eye4**/*6, (8) 
A similar relation holds for fg, which combined with (8) gives 
(1/te ote 1/te) log (Eon/ Eo) = 1/ty log (Ein/E,) ms 1/te log (Eoxn/E2). (9) 


This relation gives (AE/E)o, since Eoy/Ey) =(A4E/E) +1. 

Thermal equilibrium must be reached in the crystal before the electric 
current is stopped if Eq. (1) is to apply. This condition was satisfied by in- 
‘creasing the time during which 7 flowed till further increase did not increase 
the values of the e.m.f.’s obtained. This made the time of one revolution of 
the rotary switch about 5 seconds. Then the e.m.f.’s were observed to be 
proportional to the current, as would be expected from equation (1) if the 
Joule heat be neglected. It was estimated from the magnitude of the observed 
e.m.f.’s that A@ was about 1°C. P, 7, and perhaps & are functions of the 
temperature, but it was assumed that the temperature changes during an 
experiment are so small that these quantities can be regarded as constant. 
A few observations were made with different currents; but within the limits 
of experimental error AE/E, Ak/k, and AP/P were found independent of 7. 
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With the direction of heat flow perpendicular to the crystalline axis and 
with a magnetic field of 8000 gauss perpendicular to both the crystalline 
axis and the heat flow, it was found that £,=85.0 microvolts, E,=58.0 
microvolts, E,y =61.8 microvolts, and Ee =45.3 microvolts. If these values 
be substituted in Eq. (7), it is found that Ak/k = —0.190. From Eq. (9), 
with ¢,;=0.129 sec. and t2=0.662 sec., it is found that (AE/E),)= —0.285. 
The variation of AE/E with the time is clearly seen here, since (AE/E);,= 
—0.273 and (AE/E),,= —0.219. If the above values be substituted in Eq. 
(5), AP/P = —0.245 is obtained. These values are plotted in Figs. 4 and 6. 


RESULTS 


It was found much easier to determine accurately AE/E than Ak/k, 
since Ak/k is calculated from the ratio of the logs of two quantities differing 
little from unity. Since the rate of cooling of the crystal couple depended on 
the physical dimensions of the crystal, it was found desirable for the crystal 
to have a cross-sectional area of about 1 mm*; hence it was necessary to use 
two different specimens in order to secure all the desired orientations with 
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Fig. 2. Fractional change of thermal conductivity as a function of magnetic field strength. 





respect to the crystalline axis. Both crystals were grown from the same very 
pure bismuth, supplied by Eimer and Amend. The direction of the crystalline 
axis was determined by observing reflections from cleavage planes by Bridg- 
man’s’ method. The three-dimensional direction diagrams accompanying all 
the curves show the angles between the crystal axis a, the heat flow /, and the 
magnetic field /7. The data for h parallel to a were obtained with one crystal, 
for h perpendicular to a with the other crystal. 

The fractional changes in the thermal conductivity as a function of the 
magnetic field strength for several different orientations of the crystal axis 
a, heat flow h, and magnetic field H are shown in Fig. 2. It is of interest to 
note that the longitudinal effect, in which h is parallel to H (see the two top 
direction diagrams) is too small to measure. 

It was found that when / was along a and H was perpendicular to both 
a and h, a rotation of H in this normal plane made no difference in the magni- 
tude of the observed effects. This fact is indicated in the direction diagrams 
next to the bottom by showing // in two positions. The differences between 


5 Bridgman, Proc. Am. Acad. 60, 305 (1905). 
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the curves for the cases in which the effect is measurable are about the same 
as the magnitudé of the errors of observation. The values at 8000 gauss, 
however, are averages of several sets of observations, and it is believed that 
they show a real effect of the orientation of a on the value of Ak/k. In general 
it appears that the orientation of 77 with respect to the heat flow is of con- 
siderably greater importance than the orientation of /J with respect to the 
crystal axis. 

So far as is known to the author Ak/k has not been measured before for a 
single crystal. If a bismuth plate consists of small crystals randomly oriented, 
the magnitude of the transverse effect should be the same as that shown here 
for the transverse orientations, (/7 perpendicular to 4) which are approxi- 
mately equal. The mean of two such values obtained for polycrystalline bis- 
muth plates by Leduc® and Van Everdingen’ at 6000 gauss is — 0.0575. The 
mean of the values shown in Fig. 2 for this field is — 0.056. The agreement is 
very good, 
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Fig. 3. Fractional change of thermoelectric power as a function of magnetic field strength. 


As has been indicated, the fractional change in the thermoelectric power 
of the crystal couple can be calculated from the same four observations that 
gave Ak/k. The results obtained in this way are shown in Fig. 3. A similar 
set of results has been obtained by C. W. Heaps, who obtained AP/P by a 
more direct method. For / parallel to a, and /] perpendicular to both a and h, 
his curve is almost a straight line rising to a value of 0.08 at 8000 gauss. The 
corresponding curve in Fig. 3 agrees with this up to about 4000 gauss. The 
lack of agreement between his curve and the one given here is probably due 
to a small angle between a and h, which would introduce components of all 
the negative values of AP/P shown in Fig. 3. A lack of uniformity in the evo- 
lution of heat over the ends of the relatively short crystals would result in a 
heat flow not strictly along the length of the crystal, which in this case was 
along a. Obviously a very small departure from parallelism of a and h would 
suffice to produce an appreciable decrease in the value of AP/P. For the other 
curves of Fig. 3 the agreement with those of Heaps is as good as one might 


® Leduc, Compt. Rend. 104, 783 (1887). 
7 Van Everdingen, Jour. de Physique (3) 10, 217 (1901). 
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expect, considering the difficulty of exact adjustment and the impossibility 
of securing crystals without flaws. 

AP/P was observed to be a function of the temperature, but observa- 
tions were only made between 18°C and 40°C. The results for AP/P are in 
general agreement with the experiments of A. W. Smith,? showing a decrease 
of AP/P with increasing temperature. The values of AP/P, Ak/k, and the 
fractional changes of electrical conductivity given in this paper were all 
taken at 25°C. 
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Fig. 4. Fractional change of thermal conductivity as a function of the varying angle ¢ shown 
in the three-dimensional direction diagrams. 


Fig. 4 shows the effect on Ak/k of rotating a constant magnetic field of 
8000 gauss about / as an axis, about a as an axis, and about an axis perpendic- 
ular to both a and h. Maxima and minima are found where they would be 
expected from the curves of Fig. 2. The flat maximum of the curve with // 
perpendicular to a seemed peculiar, so the curve was repeated with another 
crystal and improved apparatus. All values obtained were negative; these 
results are shown by the dotted curve in Fig. 4. These last results are con- 
sidered much more dependable than the first obtained. Hence no significance 
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Fig. 5. Fractional changes in thermoelectric power as a function of the varying angle ¢ shown 
g g I ying ang 
in the three-dimensional direction diagrams. 


is to be attached to the small positive values of Ak/k for the solid curve in 
Fig. 4, nor to the wide range through which they were obtained. 

The values of AP/P were calculated from the data giving Ak/k in Fig. 4. 
The results are shown in Fig. 5. For one direction of rotation the points fall 
approximately along a straight line. The outstanding feature of the other two 
curves is their lack of symmetry about 0° or 90°. The maxima and minima do 
not occur in the transverse or longitudinal positions, and one of the curves 
is not symmetrical about its maximum or minimum. It was found that 
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changing the direction of the magnetic field by 180° did not alter the magni- 
tude of any of the effects observed, so all of these curves are repeated in the 
next 180°. 

The curve through the black points was repeated with another crystal. 
The values of Eo;,, En:,, and AP/P obtained are shown in the polar chart of 
Fig. 6. The variation in AP/P is not as large as that in Fig. 5, but the curve 
in Fig. 6 giving AP/P has the same general features as the corresponding 
one in Fig. 5. 

Bismuth crystallizes in the dihexagonal alternating class of the hexagonal 
system. The plane of easy cleavage is parallel to the (111) planes and is per- 
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Fig. 6. Polar chart showing E.:,, Ex:,, and AP, P asa function of the varying angle 0 shown in 
the three-dimensional direction diagram. 


pendicular to the trigonal axis. There is also fair cleavage parallel to the 
(111) planes. The crystal used to obtain Fig. 6 was found to have the magnet- 
ic field along the (111) planes as well as along the (111) planes at 165°. A 
maximum in AP/P occurs here. The (111) and (111) planes intersect the (111) 
plane so that one is parallel to H at 105°, and the other at 45°. There is in 
Fig. 6a minimum of AP/P at 105, but there is no similar feature at 45. 

It appears from these considerations that the AP/P curve in Fig. 6 is not 
symmetrical about 0° or 90° because there are structure factors in the crystal 
which produce a distortion. The plane perpendicular to the crystal axis can 
thus not be considered as possessing circular symmetry about a. The separa- 
tion in this plane of the two effects—namely, the structure effect and the 
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effect due to the direction of h with respect to 7—appears to be impossible 
without a much more detailed investigation. 

The fractional changes produced by the magnetic field in the electrical 
conductivity are shown as Ac/c in Fig. 7. These results were obtained by 
soldering two more copper wires to the crystal where the current leads were 
soldered on, and by measuring with a potentiometer the potential drop V 
along the crystal. The current being held constant, the change AV produced 
in V by the field was determined, whence Ac/c could be calculated. It was 
found that the temperature difference caused by the Peltier effect produced 
an appreciable error in these results; but since Ey and (AE/E)» could be 
calculated, the necessary correction could be applied. 
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Fig. 7. Fractional changes of electrical conductivity as a function of magnetic field strength. 
Electric current direction is indicated by i, crystal axis by a, and magnetic field by H. 


This effect is well known, and has been extensively investigated for 
polycrystalline bismuth. Lownds*® gives two values of Ac/c for a single 
crystal with different orientations in a magnetic field, and Borelius and Lindh® 
give several values which can be compared with the values of Ac/c shown in 
Fig. 7. Their values were obtained at an average temperature of 18°C. The 
comparisons are made in Table I. The values given by Lownds, and by 


TABLE I. Values of Ac/c. Comparison with the results of others. 


pz H 4 caf fit i 

Orientation |" Mh ie i | : 

H 
H 


Field H Gauss) | 5000 I soos 2300 | 2300 | 2300 | 2300 


























Lownds |-0.198 | ~¢ a | PE ental Coreen Eeecnlll 
Borelius vLindh | ----- |----- |-0.039 |-0.053 |-0.026 |-0.085_ 
Banta '-0.160 |-0.103 |-0.015 |-0.015 |-0.004 |-0.055 





Borelius and Lindh, are larger than the corresponding values found by the 
present experiments. Part of these differences can be explained as a tempera- 


8 Lownds, Ann. d. Physik (4) 9, 677 (1902). 
* Borelius and Lindh, Ann. d. Physik (4) 53, 97 (1917). 
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ture difference, since Drude and Nernst!® found that Ac/c decreased rapidly 
with increasing temperature. As before, some of the differences may be due 
to imperfections in the crystals. 


CONCLUSIONS 





The results reported here are difficult to fit into any simple theory. There 
is at present no theory of electrons in metals which adequately accounts for 
all of the observed facts of thermoelectricity in crystals. Any theoretical 
result for Ac/c, Ak/k, or AP/P should be an even function of //, since the 
direction of J/ can be changed by 180° without affecting the magnitude of any 
of these quantities. Such a result has been obtained for Ac/c with transverse 
fields by Sommerfeld" and Frank," who get Ac/c=—BI/I?/(1+CI/*), B 
and C being positive constants. In obtaining this expression it is assumed that 
the magnetic field does not change the density of free electrons in the metal, 
but does disturb the distribution function. This equation has been found to 
fit the experimental results very well for ordinary polycrystalline metals. 
It is not, however, so successful in dealing with bismuth, which in many 
respects is abnormal; and it cannot be expected, in the form derived, to ac- 
count for the important effect of crystalline structure. It might be expected 
that Ac/c and Ak/k would have their smallest values for #7 parallel to 4 and 7 
respectively, since then the electron flow is along /7. In general, this seems 
to be true. While the direction of the crystalline axis with respect to // or h 
is relatively unimportant for Ak/k, it is of decided importance for Ac/c. 

Sommerfeld and Frank state that in the adiabatic case their calculations 
indicate that Ak/k is only about two percent of Ac/c. Thus bismuth ap- 
parently has a much larger Ak/k than can be accounted for by the Sommer- 
feld theory. 





There is no satisfactory theory to account for the change in thermoelec- 
tric power in a magnetic field. If the classical result"® Pe=R log (n/n) is 
assumed to hold approximately, then the only way to account for the change 
in P is to suppose that the density » of free electrons in bismuth is changed by 
the magnetic field. Possibly this change is indicated by the divergence of 
Ac/c and Ak/k from the values predicted by Sommerfeld’s theory, which 
does not allow for a change of m. Suppose then that 7, is the electron density 
in bismuth, and m the electron density in copper. Then, since copper is a 
normal conductor and does not have its thermal e.m.f. affected by a magnetic 
field, Pye=R log (nin/N2). 

Thus 

Pu/P 


log (1147/2) /log (1/m2). 
Let 


n, + Any. 


Nin 


10 Drude and Nernst, Wied. Ann. 42, 568 (1891). 

1! Sommerfeld, Zeits. f. Physik 47, 1 (1928). 

1 Sommerfeld and Frank, Rev. Mod. Phys. 3, 1 (1931). 
8 Q, W. Richardon, Electron Theory of Matter, p. 461. 
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Then 
log (1 + Am,/n,) + log (i /ne) 


log (1,/m2) 


= 1+ A log (1 + An,/m). (10) 


So AP/P =A log (1+Am,/n,), where A =1/log (”;/ne). 

From the curves of Fig. 3, An, is seen to be a function of both the magnetic 
field strength and the direction in the crystal. If we suppose that m2 is greater 
than , which seems a reasonable assumption in view of the relative electrical 
conductivities of the two metals, then A is negative. So, again from Fig. 3, 
An, is positive for three orientations of a, h, and // in the crystal, and nega- 
tive for two orientations. The largest change in m, is for a, h, and 77 mutually 
perpendicular, and is an increase. 

Classical electron theory" indicates that k = Dn\ and c = EnX, d being the 
mean free path of the electrons and D and E being constant at a given temper- 
ature.'° It seems possible that a magnetic field, in addition to affecting , may 
produce changes of molecular configuration which would alter A. Changes of 
\ produced in this way would be distinct from any changes produced by such 
effects as curving of the free paths in the magnetic field, etc. Thus 





Px/P = 


Ac/c = An/n + Ad/d 
and 
Ak/k = An/n + Ad/d. 


So Ac/c=Ak/k. According to Sommerfeld’s theory, Ak/k is only a small 
fraction of Ac/c. Thus the above result is more nearly in agreement with 
experiment than is Sommerfeld’s theory. If it be assumed that the change in 
electrical conductivity c is due to a change in m and X of the character in- 
dicated above, with the change predicted by Sommerfeld’s theory in addition, 
then Ac/c=An/n+Ad/A—BH?/(1+ CH"). Since Ak/k is very small accord- 
ing to Sommerfeld’s theory, the whole effect may be given by Ak/k =An/d 
+AX/X. 

Thus 

Ac/c = Ak/k — BH?/(1 + CH’). (11) 


The experimental results indicate that this result is hardly satisfactory. 
According to Sommerfeld B is a positive constant; but if Eq. (11) is true, B 
must be negative for one orientation: namely, with J/ along a, and i and h 
respectively perpendicular to a. For these curves in Figs. 2 and 7, Ak/k is 
less than Ac/c at 8000 gauss. Another objection is based on the shape of the 
curves: it is hard to see how the addition of a square function of // to the 
curves of Fig. 2 could give the curves of Fig. 7. Also, the result of the theory 
of Sommerfeld and Frank is supposed to hold for transverse fields, and the 
quantity BH?/(1+ CH?) is thus zero for longitudinal fields—a result con- 


"QO. W. Richardson, Electron Theory of Matter, pp. 410-421. 
% If Sommerfeld's formulae are used instead of the classical ones the results deduced are 
not essentially different from these above. 
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tradicted by these experimental results, although the longitudinal values of 
Ak/k and Ac/c are in general the smallest obtained. 

Consideration of the results leads to the following conclusions: Theory 
indicates that Ac/c should be negative for transverse fields. It is found nega- 
tive, but the value is found to be dependent on the orientation of the crystal- 
line axis with respect to the current and the magnetic field. The curves of 
Figs. 2 and 4 appear to indicate that there is some unrecognized but essential 
difference between the mechanisms of heat conduction and electric conduc- 
tion in bismuth crystals. This conclusion is indicated by the fact that the Ac /c 
curves are strongly influenced by crystal structure; the Ak/k curves, on the 
other hand, appear to be roughly all the same for all cases where // is perpen- 
dicular to h. When // is parallel to 4 there is no measurable effect produced 
in Ak/k. There is some evidence that strong magnetic fields change the 
density of free electrons in the bismuth crystals. 

The crystals used in this investigation were supplied by Professor C. W. 
Heaps, to whom the author is indebted for much valuable assistance and 
discussion. It is also a pleasure to thank Professor H. A. Wilson for generous 
advice on this problem. 
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Does Nickel Show a Positive Elongation in the Joule 
Magnetostrictive Effect? 


By S. R. WILLIAMS 
Fayerweather Laboratory of Physics, Amherst, Massachusetts 


(Received June 4, 1932) 


The question as to whether there is a positive Joule magnetostrictive effect in 
nickel has once more arisen. The following note points out that there is no positive 
elongation unless remanent magnetism or an extraneous field is present to give the 
sample of nickel a preliminary magnetization before the main field is applied. Even 
then, there is no positive elongation unless the preliminary magnetization is opposed 
to that of the main field. 


HE above question seems to have cycles of recurrence. Not always does 

it take the form of the caption. In 1893-1904, Honda and Shimizu! car- 
ried on an extensive discussion with Heydweiler? concerning the presence or 
absence of a Villari reversal effect in nickel. If the Villari reversal effect occurs 
in nickel, then a positive elongation of nickel should also be found in the 
Joule magnetostrictive effect. This relation between the Villari and Joule ef- 
fect seems to be very definitely established.’ 

Recently two papers‘ have appeared purporting to show a positive elonga- 
tion for the Joule magnetostrictive effect in nickel and saying that it is an 
effect to be expected. 

It is desired to point out that this may be misleading as these two papers 
state definitely that in the regular Joule magnetostrictive effect they did not 
find a positive elongation. They found a positive elongation only when the 
magnetizing force was reversed in observing a hysteresis curve for the Joule 
magnetostrictive effect. A positive elongation in nickel occurs only when 
there is remanent magnetism present in the specimen or an extraneous field 
is imposed, and then only when the magnetizing field is opposed in direction to 
the remanent magnetization or the extraneous field. 

In Fig. 1 are shown continuous records of the changes in length of a nickel 
rod as the magnetizing force is increased from zero up to 71.2 gausses. The 
vertical lines in the photographs denote certain currents’ strengths in the 
magnetizing coil. All of the photographs in Fig. 1 show six vertical lines and 
represent field strengths of 0, 14.2, 28.5, 42.7, 56.9, and 71.2 gausses respec- 


1 Honda and Shimizu, Ann. d. Physik 14, 791 (1904); Phys. Zeits. 5, 254 (1904); Ann. d. 
Physik 15, 855 (1904); Phys. Zeits. 5, 631 (1904). 

2 Heydweiler, Sitzungsber. d. Wurzb. phys. med. Ges. 11 Marz (1893); Phil. Mag. 35, 469 
(1893); Beibl. 17, 1095 (1893); Ann. d. Physik 52, 462 (1894); 15, 415 (1904); Phys. Zeits. 
5, 255 (1904). 

* Thomson, Applications of Dynamics to Physics and Chemistry, pp. 48-63, 1888. Wil- 
liams, Proc. A.S.T.M. 19, Pt. 2 (1919); School Science, and Math. 22, 859 (1922); Phys. Rev. 
10, 129 (1917); Jour. Franklin Institute 203, 843 (1927). 

* Dietsch, Zeits. f. techn. Physik 12, 380 (1931). Kersten, Zeits. f. Physik 72, 500 (1931). 
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tively. In Fig. 2 the maximum field strength was carried up to 413 gausses. 
The constant of the magnetizing coil was 142.4 gausses per ampere. 

The magnetizing coil in these experiments stood in a vertical position. 
In a the vertical rod was demagnetized by a decreasing a.c. in the presence 
of the vertical component of the earth’s magnetic field. This shakes the rod 







down and leaves it permanently magnetized in a direction with the north 
pole down. When the magnetizing field in the solenoid was applied to the rod, 
with the field of the solenoid directed upwards, a positive elongation oc- 
curred. In } the rod was again demagnetized, in the presence of the earth’s 
magnetic field, but this time the magnetizing force in the solenoid had its 





Fig. 2. 


direction downwards. This time there is absolutely no positive extension 
of the rod. 

In c and d no demagnetization occurs, but in both curves the magnetizing 
force is reversed to what it was in the preceding magnetization. The mag- 
netizing force in both cases is opposed to the remanent magnetism of the 
nickel rod. This is the effect observed by Dietsch and theoretically discussed 
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by Kerstens. If no demagnetization occurs and the magnetizing force is ap- 
plied each time in the same direction as the remanent magnetism of the 
nickel rods, then no positive elongation occurs. This is illustrated by the 
curves e and f, Fig. 1. 

By means of a second coil surrounding the main magnetizing coil, one 
may apply an extraneous field and leave it on while the rod is being mag- 
netized by the main coil. g and 4 show what occurs when the rod is demag- 
netized in the presence of this field and then the main magnetizing force is 
applied. This extraneous field had a value about three times as great as the 
vertical component of the earth’s magnetic field. In g it will be observed that 
no positive elongation occurs since the main magnetizing force is in the same 
direction as the extraneous field. A positive elongation in the presence of this 
extra field occurs only when the main magnetizing force is opposed to the 
added field. This is shown in h, Fig. 1. It will be noted that the positive elon- 
gation in / is greater than ina. 

One may apply any magnitude of extraneous field he chooses, and intro- 
duce it at any value of the main field desired and so get any form of curve one 
may select for the Joule magnetostrictive effect in nickel. In 7 and j are shown 
the queer changes in length which can be obtained for iron if one applies ex- 
traneous fields. In 7 there is an elongation then a shortening followed by a sec- 
ond elongation, while in 7 the change in length is wholly an elongation. 

In Fig. 2 is shown a hysteresis curve of the Joule magnetostrictive effect 
in nickel. It is one continuous run in which the two points of positive elonga- 
tion are indicated by arrows. These are the so-called positive elongations 
found by Dietsch and are of the same type of elongation as shown in c and d, 
Fig. 1. In the true sense of the word they are not positive elongations. Thus 
far we have no positive indications to show that either the Villari reversal 
effect or the Joule positive elongation occurs in nickel. 

Particular attention is called to Fig. 2 to show how well the temperature 
changes are controlled. If temperature were affecting the length then the 
horizontal portions of the curve would not be parallel to the edge of the 
photographic film, but would be tilted up or down as the film progressed past 
the slit in the camera. 

The inference has been made in a number of papers that the capacity-beat 
method is the only method by which these positive elongations may be de- 
tected. This inference is to be challenged. The mechanical-optical device 
with which the curves in Figs. 1 and 2 were made fifteen years ago did not 
begin to approach the limit to which it could have been pushed and yet it 
shows this positive elongation very plainly. Furthermore, since these photo- 
graphs were made, a greatly improved extensometer has been constructed 
and will be described in a subsequent paper. The ability to secure a continu- 
ous record of the changes in length is a very desirable feature of any exten- 
someter. 
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Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 


Electronic Structure of the a-X Band System of N, 


By using a powerful discharge in pure nitro- 
gen it has been found possible to photograph 
certain bands belonging to this system! in the 
first order of a twenty-one foot Rowland 
grating. The nitrogen was prepared from pre- 
baked sodium azide, and was allowed to stream 
through the discharge tube during the prog- 
ress of a 48 hour exposure. Copper lines served 
as wave-length standards? and the very faint 
bands were measured using a cylindrical lens 
so as to eliminate the effect of plate grain. 
Every line was measured about twenty 
times in order to minimize error. The bands 
dA2006.01 (3-11), 2023.48 (4-12), 2041.16 
(5-13), 2059.04 (6-14), 2125.92 (5-14), 
2143.95 (6-15), 2162.27 (7-16) were visible 
on the plates but only \2041.16 and A2125.92 
were sufficiently developed to allow of meas- 
uring the branches. 

The system is almost certainly a singlet 
transition to the ground state '> of nitrogen 
for it is the only strong system yet observed 
in absorption.’ Accepting this idea, the ex- 
perimental results are to be explained by the 
assumption that it is a 'Il,—!2) transition. 
All the bands show in addition to the head 
measured by Hopfield and Birge a faint second 
head displaced towards longer wave-lengths 
by about 13 cm™ though only sharp and clear 
in the case of \2125.92 which is the best ex- 
posed band. In other bands it can however 
be made quite distinct by enlargement on 
contrasty film and subsequent superposition 
of the enlargements‘ so as to enhance the 
photographic contrast. It is natural to ac- 
count for this as a Q head. Unfortunately, 
the resolving power is too small to allow one 
to measure the branches in the neighborhood 
of the head, and where the series are resolved, 
(at about the twentieth member of the Q 
branch) the R branch is so faint that it occurs 
only as a few stray lines very difficult to 
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measure. A provisional analysis from the Q 
and P branches of (5-13) and (5-14) gives 
B;' =1.5207 +0.001cm™, B,;’’ = 1.7625 +0.001 
cm! and B,4’’=1.7424 +0.003 cm, neglect- 
ing the contribution due to A-doubling which 
must be very small, since the stray R lines 
lie in their predicted positions as far as the 
can be measured. This assignment of con- 
stants accounts for the positions of all meas- 
ured lines and heads to within experimental 
error, and, by using an estimated effective 
temperature, for their intensity also. One 
may say therefore with some confidence that 
this system is indeed a 'II,—'2,* transition. 

To account for the existence of a 'II, level 
in this position seems very difficult, as Mulli- 
ken,} has pointed out. If we assume with Hund® 
that it has the electronic structure o,?2sz,4 
2po,2pr.3p then the 7,3p electron should be 
strongly bonding in character since it has de- 
scended from the high energy atomic orbit 
3p. This, experimentally, appears not to be 
the case. 

Two other bands with heads at A2033.6 and 
\2112.1 also show on the plates. They are 
obscured by members of the a-X system but 


1 Birge and Hopfield, Astrophys. J. 68, 
257 (1928). 

? Burns and Walters, Allegheny Observa- 
tory Vol. 8, No. 3. (Corrected by supple- 
mentary circular.) 

3 Hopfield (Phys. Rev. 31, 1131, (1928)) has 
reported a progression of bands in absorption 
whose upper level lies below the ‘a’ level. 
This might be the *I1,, level corresponding to 
the "Il, of this system; but the spacings of 
the vibrational levels appear unfavourable to 
this interpretation. 

* Oldenberg, Zeits. f. Physik 58, 722 (1929). 

5 Mulliken, Rev. Mod. Phys. 4, 53 (1932). 

§ Hund, Zeits. f. Physik 63, 749 (1930), 

















LETTERS TO THE EDITOR 


are strongly degraded to the violet; the best 
exposed shows strongly alternating intensi- 
ties; hence it is certainly due to nitrogen or to 
ionized nitrogen. It has the appearance of a 
single branch whose spacing rapidly increases 
towards shorter wave-lengths. These bands 
appear not to have been observed before. 
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A more complete investigation of the a-X 
system is proposed in the near future using a 
large vacuum spectrograph. 

E. T. S. APPLEYARD 

Ryerson Physical Laboratory, 

University of Chicago, 
June 26, 1932. 


Deposition of Chromium on Glass 


R. Ritschl' has perfected a simple apparatus 
with which a uniform half-silvering can be 
done on Fabry-Perot interferometer plates. 
The film is put on by evaporation of silver 
from a hot tungsten filament in a vacuum; the 
silver having been tied to the tungsten with 
platinum. 

The writer has extended this process to 
chromium, with an idea to its use for astro- 
nomical reflectors. As is well known, the 
present silver-on-glass_ surfaces tarnish 
quickly, and do not reflect a usable fraction 
of incident light beyond 3350A. To remedy 
this defect, other metals have been deposited 
by evaporation, but chromium seems to excel 
in reflectivity and permanence. The chromium 


was electroplated about a millimeter thick on 
a tungsten filament and was evaporated in 
vacuo very quickly. The resultant surface is 
firm, and can be dissolved only by HCI. The 
reflectivity of a test surface has been deter- 
mined as: 60 percent at 4200A; 68 percent 
at 3450A; and 62 percent at 2900A. The 
adaptation of the process to large surfaces is 
now in progress. 
Rosiey C. WILLIAMS 
Physical Laboratory 
Cornell University, 
June 27, 1932. 


1 Half-Silvering Interferometer Plates, Zeits. 
f. Physik 69, 578-585 (1931). 


Note on Molecular Structure 


Hund' and Mulliken? in recent papers have 
considered the structure of polyatomic mole- 
cules, treating each electron as if it moved in 
a wave function which was a solution of a 
problem of many centers—a molecular or- 
bital, as Mulliken happily names such a 
function. The writer’ and Pauling‘ on the 
other hand have treated the same problem 
from a starting point in which each electron 
moves as in a single atom, or as Mulliken 
would say in an atomic orbital. It is the pur- 
pose of this note to point out the relation be- 
tween the two methods. This has already been 
done to some extent in a paper on metallic 
cohesion;® there the method used by Hund 
and Mulliken has an analogue in the treat- 
ment of Sommerfeld and Bloch, whereas the 
other method, used by Pauling, the present 
writer, Heitler and London, resembles more 
closely Heisenberg’s treatment of ferromag- 
netism. In that paper, the connections be- 
tween the two methods were brought out, and 
it was shown that if treated in the proper way 
both methods necessarily led to the same 
answer, so that a choice between them must 
be made on the basis of convenience rather 
than correctness. Essentially the same situa- 
tion holds in the molecular case. 


A first simple calculation by either method 
will be incorrect, and it is necessary to go to 
a considerable refinement to secure good re- 
sults. First we shall describe these refinements 
necessary in the method of Pauling and the 
writer. One can start by assuming covalent 
bonds, and taking these bonds to be located 
between definite pairs of atoms. Then the 
writer has shown how to set up wave func- 
tions, correctly taking account of antisym- 
metry and of spin, describing this situation. 
But now to improve this we must (1) take 
account of other possible ways of drawing the 
valence bonds. This can be considered in one 
way as the correct perturbation treatment for 
spin degeneracy. Or it can be considered as 
taking account of shared valence, a common 
phenomenon, and the one which Mulliken 


1F. Hund, Zeits. f. Physik 73, 1 (1931); 
73, 565; 74, 1 (1932). 

2 R.S. Mulliken, Phys. Rev. 41, 49 (1932). I 
am indebted to Professor Mulliken for sending 
mea copy of the latter paper before publication. 

3 J. C. Slater, Phys. Rev. 38, 1109 (1931). 

‘Linus Pauling, Journ. Am. Chem. Soc. 
53, 1367 (1931). 

5 J.C. Slater, Phys. Rev. 35, 509 (1930). 
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evidently has in mind when he does not wish 
his molecular orbitals to indicate bonds defi- 
nitely between pairs of atoms, but to have 
them more diffused. In a metal, this phe- 
nomenon is of major importance, as the writer 
showed in the paper above quoted. It is also 
of major importance in the study of chemical 
reactions, as Eyring and others® have pointed 
out. (2) We must take into account the vari- 
ous possible ionic states. The importance of 
this step has been emphasized both by Pauling 
and by the writer; many structures are just 
intermediate between the covalent and the 
ionic cases, and without considering both it is 
not possible to get accurate results. Both these 
corrections (1) and (2) are to be made by 
setting up separate wave functions describing 
the various possible structures, computing the 
matrix of the energy with respect to them, 
solving the resulting secular equation, and 
using the resulting coefficients, making the 
best combination of the various wave func- 
tions to describe the resulting state. 


To get a correspondingly accurate result 
with the method of Mulliken and Hund, we 
first set up the molecular orbitals, and assign 
electrons to the suitable orbitals. This is es- 
sentially as far as Mulliken and Hund go. 
But then we must set up antisymmetric com- 
binations, taking account of spin. We must 
ordinarily consider several such assignments 
of electrons, taking into account some anti- 
bonding orbitals, and must solve the secular 
problem between these, finally resulting in 
the correct function as a linear combination. 
It should be pointed out that this process is 
particularly necessary if one is to get cor- 
rect results at large distances of separation, 
which is very important in considering ener- 
gies of dissociation of the various bonds. 
When this is done, as shown by an extension 
of the method used in the paper on metals, 
the results are essentially the same by either 
method. 

There is one respect in which the method 
of Pauling and the writer can be made defi- 
nitely better than that of Mulliken and Hund, 
when carried to the point described. It takes 
definite account of the ionic states. Hence it 
can use as the wave function for these states 
a wave function in which shielding of one 
electron by another is properly taken into 
account. The method of Mulliken and Hund, 
however, treats the ionic state rather as the 
accidental overlapping of electrons in mole- 
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cular orbitals, resulting in fluctuations of 
electron density with an increase or decrease 
of the charge on an atom, with respect to the 
mean charge. Thus it cannot separate the 
ionic from the covalent cases, and cannot take 
account of the variation of shielding from one 
state to the other. On account of these ionic 
terms, the method of Pauling and the writer 
really contains, in its final wave function, a 
dependence of the wave function on the rela- 
tive coordinates of the electrons, and it is well 
known that this is essential for a satisfactory 
representation of the correct wave functions, 
and is definitely lacking both in the treatment 
of atomic structure by the conventional 
method, and in the corresponding method of 
Mulliken and Hund as applied to molecules. 
This advantage of the method was not brought 
out in the paper on metals quoted above. 


Aside from the point just mentioned, the 
two schemes are equivalent. We then discuss 
their relative merits from the standpoint of 
convenience. For a qualitative discussion, in 
which the calculations are not carried to the 
point just described, but are rather broken 
off at the earliest possible point, the writer 
believes the method of Mulliken and Hund 
to be at least as valuable as the one which he 
and Pauling have used. The best procedure, 
and one which he is accustomed to follow, 
seems to be to carry through a discussion of 
a problem qualitatively by both methods, 
checking them against each other to find their 
real relationship. For instance, in discussing 
a metal, even if using the method of atomic 
orbitals, no one would think of not comparing 
with the method of Sommerfeld and Bloch 
constantly, for better orientation and under- 
standing of the problem if for no other reason. 
On the other hand, even for qualitative dis- 
cussion, the method of the writer and of 
Pauling seems to have some advantages in 
that the various separate effects, as valence 
bonds between different pairs of atoms, states 
which are partly covalent and partly ionic 
etc., seem to have some physical significance, 
and it seems worth while to bring them ex- 
plicitly into the picture. Further, the method 
of Pauling and the writer is more convenient 
for considering the limiting case of infinite 
atomic separation. 


6 Eyring and Polanyi, Zeits. f. Physik 
Chem. B12, 279 (1931); forthcoming papers 
by Eyring in J. Am. Chem. Soc. 
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When it comes to numerical application of 
the methods, the situation is somewhat al- 
tered. The writer has seen no general mathe- 
matical method of treating the molecular 
orbitals which does not rest on writing them 
as combinations of atomic orbitals. It goes 
without saying that the atomic orbitals are 
not to be taken as the same as electronic 
orbits in single atoms, but are to depend on 
the molecular structure. The recent calcula- 
tion of Rosen’ on H: is an excellent illustra- 
tion of this; he allowed his atomic orbitals 
both to change scale, and to be polarized, in 
the presence of the other atom, and similar 
changes should surely be made in general. 
But when that is done, the calculation reduces 
to one in which atomic orbitals are used, in 
any case. Thus one can reduce either method, 
if carried through in detail, to the same 
integrals, and it is unimportant which scheme 
is used. The writer has been more inclined to 
use the atomic orbitals from the beginning, 
for the reason that it seemed an unnecessary 
waste to build these up into molecular or- 
bitals, carry through a calculation in the 
manner of Mulliken and Hund, and eventu- 
ally have to break up again into atomic 
orbitals for the calculation of the integrals. 
There are, however, important advantages 
which should be emphasized in the method 
of Mulliken and Hund, as far as numerical 
calculation goes. The advantage rests in the 
fact that the molecular orbitals are ortho- 
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gonal to each other, while the atomic orbitals 
are not. The factors S, which come into the 
method of Heitler and London in the process 
of solving a secular equation between non- 
orthogonal states, come into the method of 
Mulliken and Hund in the process of nor- 
malization alone. For many purposes this is 
more convenient, and the writer is seriously 
of the opinion that this advantage, with com- 
plicated systems, may be a deciding factor in 
favor of the molecular orbital method; at 
least, it can well be used as a stage in the 
calculation. 

In conclusion, it is the object of the present 
note to point out again that the method of 
Mulliken and Hund, and that of Pauling and 
the writer, are complementary, not antag- 
onistic. The writer is quite sure that there are 
no facts explainable by the scheme of Mulli- 
ken and Hund which could not be equally 
well treated by his method, interpreting it in 
a suitable way. On the other hand, he would 
be the last to question the great power of the 
method of Mulliken and Hund, particularly 
for qualitative discussion, and welcomes the 
treatments of molecular structure which are 
being made by that method. 

Joun C. SLATER 

Massachusetts Institute of Technology 

Department of Physics, 
June 28, 1932 


7N. Rosen, Phys. Rev. 38, 2099 (1931). 
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BOOK REVIEWS 


Annual Tables of Constants and Numerical Data, Chemical, Physical, Biological and 
Technological—published under the authority of the International Research Council and the 
International Union of Pure and Applied Chemistry. Index for Volumes I to V (1910-1922)— 
Price $16.00 also Vol. VII—Years 1925-1926, inclusive; Part I, pp. i-xxxv, 1-946 (1930)— 
Price (including Part II); cloth $25.00—McGraw Hill Book Company, Inc. (New York). 

Two extracts from Volume VII can be purchased separately: “Spectroscopy—-Emission and 
Absorption Spectra, Electro and Magneto-Optics” (Numerical Data) by L. Bruninghaus, V. 
Henri and F. Wolfers. I Vol. 4-to, pp. xviii-514. Price: Cloth, Frs. 190; Paper, Frs. 170; 
“Electricity, Magnetism, Electrochemistry” (Numerical Data) by A. Buffat, G. Durand, G. 
Foex, R. L. Fortrat, N. Marinesco, N. Thon. I Vol. 4-to, pp. xviii-136. Price: Cloth, Frs. 
90; Paper, Frs. 80. Publishers: Gauthier-Villars et Cie, 55, quai des Grand-Augustins, Paris 6°. 

One should not attempt to use these tables without first consulting the directions given at 
the beginning of the volume. These are found to be very clear and explicit, so explicit that the 
uninitiated should have no trouble thereafter in using the tables. The newly adopted policy 
of stressing English so that little or no French is required will be helpful to a large group of 
American students. 

The reviewer has found the General Index to Volumes I to V to be of considerable aid in the 
use of the tables. It contains three types of indexing which occupy space not in the order of 
their usefulness. First and most important is an Analytical Index of 38 pages in four languages. 
Without losing too much in conciseness it often offers somewhat more than a bare reference 
to volume and page. The arrangement of subjects is reasonable, the detail is sufficient, and 
there is some cross referencing. The wide range of subject matter covered by the Tables is 
brought out by a glance at this index. Then follows the Alphabetical Index of 63 pages. This 
gives references to those things treated in the Tables which are commonly known by name. 
When it is necessary, a German, English, or Italian name is listed with its French equivalent 
under which the references are listed. Thus—Dachshund s. Basset; Perch s. Perche; Perca v. 
Perche. The third index is the Formula Index—319 pages. It has an arbitrary but convenient 
arrangement described in the Introduction. Of course, most of this Index is devoted to organic 
compounds. References are given up to CoeaHi7s. At the end of each reference appropriate errata 
to Volume I to V are recorded. It is proposed that in addition a separate list of all errata and 
omissions be published. Only French is used in this part and the frequent occurrence of ab- 
breviations makes it difficult to get along without recourse to the list of abbreviations at the 
beginning of the volume. 

Volume VII of the Annual Tables contains the data for 1925-1926 with the exception of 
those data on Photography and Geophysics. Chapters on these subjects will not be published 
annually. The next issue to contain data on them will probably be Volume X. Two chapters 
appear for the first time—Explosives and Explosion in Gaseous Mixtures. The text accompany- 
ing the data is given in French and English. The English in the translation is quite satisfactory. 
The custom of including a bibliography of papers containing data not easily tabulated, and 
brief summaries of related qualitative or theoretical work is continued. These summaries often 
provide pleasant and sufficient substitutes for the original papers. Sometimes the assignment of 
space to these notices is a trifle extravagant. Thus on page 739 the same research of one author 
published in two places is listed under two separate headings and most of his data are given 
twice. Again on page 755 there are two headings for a single paper. 

If the compilation is to appear four years after the data are published, the reader is en- 
titled to a somewhat critical presentation. There is no apparent effort in this direction but on 
the other hand the committee promises to produce up to Volume IX (1929) (now published) 
and then to resume annual publication of the Tables. Such promptness should outweigh all 
considerations of criticism. But this is not to be taken to excuse the laxity, which, apparently 
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because the original author was careless, permits the recording of numerical data without in- 
dicating the units used. For example, on page 921 it is impossible to find whether Verdet’s con- 
stant is given in terms of radians or degrees. While this would scarcely inconvenience a worker 
in the field, it is most baffling to students and most annoying to the instructor who is trying to 
teach them how to locate data. 

Instead of attempting to describe in detail the important applications of these unique 
Tables or to emphasize the special features of Volume VII, Part I, which is here under review, 
it might be useful to remark that almost every page provides some interesting reading and as 
a practical primer for the study of foreign languages it is excellent. As a by-product one learns a 
great deal of physics and chemistry and gets a vivid panorama of the development of the exact 
sciences. 

The importance and value of the Annual Tables becomes obvious to one who merely turns 
over the pages and perhaps another subscriber is made thereby. The committee in charge seems 
hesitant in advertising their prices. In general one has to make special inquiry by mail. The 
prices are, however, by no means exorbitant, although unfortunately high enough to keep the 
Tables out of the personal collections of the average student. Perhaps the cost in the future 
may be reduced as the committee has announced its intentions of lowering the price if the sub- 
scription list grows. . 

R. M. LANGER 
University of Minnesota 


The New Conceptions of Matter. By C. G. Darwin. Pp. 224+-xi. Figs. 46. The Macmillan 
Company, New York. 1931. Price $3.00. 


Professor Darwin has undertaken, and carried out with rare skill, the difficult and oft 
times thankless task of expressing in non-mathematical, and indeed to an unusual degree non- 
technical language, the newer conceptions of modern physical theory. 

Beginning with the “building materials”—electrons, protons, and photons,—the first 
lecture outlines with brief yet lucid strokes the modern ideas of the essential characteristics of 
these, together with a section dealing with the “building site,”—space and the ether. The two 
following lectures ar~ devoted to the discussion of the essentials of wave propagation, and the 
notions of wave-velocity and group-velocity together with the diffraction of waves, leading 
thus naturally to the diffraction of electrons, and of atoms. 

The Uncertainty-Principle is then developed in a manner which,—clear and simple as the 
author's style is,—still calls for close and considered concentration in its reading. Following 
lectures treat the wave-atom, the polarization characteristics of electrons and protons, the 
collisions of alpha-rays, protons, and electrons, and finally the exclusion principle of Pauli with 
charming simplicity of language, although simplicity of conceptions is not so readily possible. 

These lectures do not,—could not reasonably be expected to,—contain adequate detail 
of the essential experimental bases of these newer conceptions of physics; so the volume can 
hardly serve as a text of modern physics, but most certainly Professor Darwin may be assured 
that his isa valuable contribution towards the result that ‘surviving readers may no longer 
speak of the mysteries of science”’ but rather ‘‘of the naturalness of Nature.” 

The volume contains a number of excellent illustrations of alpha-ray tracks and diffraction 
effects. It is regrettable that the negative of the Stern-Gerlach experiment got inverted in the 
plate, so that the accompanying legend will confuse the reader unacquainted with the phe- 
nomenon, (a blunder which,—curiously enough,—appears also in Gerlach’s English edition of 
“Matter, Electricity, Energy”). 

Joun E. ALmy 
University of Nebraska 


Hydro- und Aeromechanik nach Vorlesungen von L. Prandtl Bd. II. O. Tirtyens. Pp. 
299 +-viii. Figs. 238, (Springer 1931). 28 tafeln. Berlin. Price RM 23. 

This second volume, written as was the first by Dr. Tietjens, and based in part on Pro- 
fessor Prandtl’s lectures, is devoted to the study of the motion of non-viscous fluids and to 
technical applications. The early chapters contain a summary of the theory of fluid flow, a treat- 
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ment of the principle of similarity, and a critical discussion of flow, both laminar and turbulent, 
in tubes and canals including the early work of Hagen, Poseuille, and Reynolds, together with 
that of more recent investigators. Formulas are given for the resistance to flow in the various 
turbulent regimes. Particularly interesting is the discussion of the incidence of turbulence with 
gradually increasing velocity of flow. 

There follow three important chapters treating respectively Prandtl's boundary layer 
theory, the resistance encountered by a solid moving in a fluid, and the theory of lift as applied 
to aeroplane wings. These chapters contain a systematic presentation of the results of recent 
investigations. In Prandtl’s boundary layer theory that has proved so valuable in the study of 
viscous fluid motion, the effect of viscosity is neglected except in a thin layer of fluid in contact 
with a solid boundary. Aside from its use in connection with turbulent flow in tubes, it plays 
an important rdéle in the theory of the resistance suffered by a body moving through a fluid as 
treated in the next chapter. In addition to the purely frictional resistance encountered by such 
a body, there is the resistance that results from the alteration of the velocity field from that of 
irrotational flow and the consequent change in the pressure distribution. In a chapter that oc- 
cupies about one-fourth of the book, the theory of the lift of aeroplane wings and its technical 
applications are fully set forth. 

The last chapter is devoted to instruments and methods of experimentation including wind 
tunnels, devices for rendering fluid motion visible, and measurements of pressure, velocity, and 
resistance. At the end there are some seventy excellent photographs of fluid motion illustrating 
the motions of solids in water, turbulent flow in canals, and the formation of vortices. 

The book is a clear and authoritative exposition of fundamental theories and experimental 
results in a field that has developed very rapidly in recent years. 

H. W. Marcu 
University of Wisconsin 
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PROCEEDINGS 
OF THE 
AMERICAN PHYSICAL SOCIETY 
MINUTES OF THE PULLMAN MEETING 
JUNE 17-18, 1932 


The 178th regular meeting of the American Physical Society was held 
at the Washington State College, Pullman, Washington, room 110 Mechani- 
cal Arts Building, in affiliation with the Astronomical Society of the Pacific, 
and the Pacific Division of the A. A. A. S., on June 17th, 1932. 

The sessions began at 9:30 in the morning, extended until noon, and re- 
sumed in the afternoon at 2:00 o'clock, terminating at 4:30. There were 
twenty-five members of the Physical Society in attendance, covering institu- 
tions from San Diego to the University of British Columbia. 

It was moved, seconded, and voted to hold the 181ist meeting of the 
American Physical Society on the Pacific Coast, on December 16—17th, 1932, 
at the California Institute of Technology, Pasadena. No other business was 
transacted. 

The members of the Physical Society enjoyed a joint luncheon at noon, 
June 17th, and a joint dinner on the evening of June 17th, with some twenty- 
five members in attendance. 

In spite of its small size, the meeting was highly successful in the renewal 
of contacts which it gave between members of the Society in the Pacific 
Northwest and those from other portions of the Pacific area. 

LEONARD B. Loe, Secretary for the Pacific Coast 


ABSTRACTS 


1. The energy distribution of electrons in field current emission. Jos. E. HENDERSON 
R. K. DanLstroM, FRANK R. Appott. University of Washington.—The energy distribution of 
electrons extracted from a cold tungsten filament by means of a high electrical field was ob- 
tained by using an arrangement of three cylinders with the filament as the common axis. The 
two inner cylinders were grids. The potential which produced the field necessary for emission 
also accelerated the electrons through the first grid. By connecting the second grid directly to 
the filament except for a small variable accelerating potential these electrons were then de- 
celerated. With various magnitudes of field currents the current to the second grid was meas- 
ured as a function of this small accelerating potential. From these data the energy distribution 
of the electrons was obtained. The most striking feature of the distribution was that the largest 
number of electrons had energies only slightly below the maximum. The relative numbers hav- 
ing lower energies increases with the magnitude of the field currents. The range of energies ex- 
tended over approximately thirty volts. The outer cylinder provided a means of determining 
the effect of secondary electrons, which effect was found to be small. 


2. Mobilities of sodium ions in helium measured in short time intervals. LEonarp B. 
Logs. University of California.—Extending the mobility measurements of sodium ions in vari- 
ous gases (Phys. Rev. 38, 549, 1931), as a function of time to helium using an improved oscil- 
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lator designed for the writer by the Bell Telephone Laboratories and using a new baked-out 
glass chamber, the following results were obtained. In intervals of 2X10- sec. and 5X10™! 
sec., the sodium ion has the astonishingly high mobility of about 30 cm /sec. per volt (cm. Below 
5X10 sec., the mobility has a value of about 23 cm sec. In the old metal chamber with a 
directly heated Kunsman source, rather uncertain values indicated the presence of ions of mo- 
bilities 30 cm ‘sec., 23 cm/sec., 17 cm sec., and 13 cm sec. on progressive aging. The latter 
values are somewhat in doubt and the more exact values in the new chamber are open to an 
uncertainty of the order of magnitude of 5 percent owing to the inadequate knowledge of the 
temperature correction to be applied in the new chamber. 


3. Electroscope of high charge sensitivity. E. J. WorKMAN, National Research Fellow 
and H. B. DeVore, California Institute of Technology.—Electroscopes for use in ionization 
measurements have been developed to combine a high voltage sensitivity over a limited range 
with a very small capacity. Bearing in mind that the character of the voltage calibration 
curve is determined by the rate of variation of capacity with deflection, instruments have 
been designed to have this vary abruptly in the voltage range in which it is desirable to 
work. This modification of the calibration curve has been achieved by electrically shielding 
the deflecting element by placing it in a small metal trough or slot. The size, shape, and position 
of the trough can be adjusted to give the desired sensitivity at the collecting voltage required. 
This principle has been applied to the deflecting fibre type in which a heavy quartz fibre, fixed 
at one end, is used, and to the torsion types where the deflecting element consists of a short 
quartz fibre fixed at the center to the torsion member. A deflecting instrument has been used 
which gave a full scale deflection of 100 divisions for 350 volts, but from 80 to 100 divisions the 
sensitivity was uniform at 10 divisions per volt. In other instruments higher sensitivities have 
been observed with characteristics indicating that the sensitivity may be made several times 
that given above. These instruments are, by nature, extremely rugged and simple of construc- 
tion. 


4. Photoelectric currents in gases between parallel plates as a function of the potential 
difference. Norris E. BRapBuRY. University of California.—If one of two parallel plate elec- 
trodes in a gas emits photoelectrons, the current received at the collecting electrode is a function 
of the potential difference, the gas pressure, the initial velocity of the photoelectrons, and the 
mobility of the carrier. In the experiments reported here, a quartz mercury arc and a plane 
zinc electrode were used as the source of photoelectrons. Current-potential difference curves 
were obtained for different gas pressures in hydrogen and nitrogen, and the ratio of the current, 
i, to the saturation current, Jo, obtained in each case. A theoretical equation of J. J. Thomson 
gives the relation 


i= [To(6x)!/2kx ]/ lc + (6m)*/2kx J, 


where X is the field strength, & the mobility of the carrier, and c its random velocity. Adopting 
the suggestion of Loeb that c is the average velocity of photoelectric emission of the electrons 
from the plates, the validity of this equation is established by the experimental data which 
permit the values of the electron mobility k to be determined as a function of X/p. Values so 
obtained agree well with those obtained by Loeb and by Townsend and Bailey. An equation 
recently given by Langmuir (Phys. Rev. 38, 1656, (1931)), is shown to be applicable only at 
low pressures where it yields a satisfactory value of the mean free path of the electron. 


5. On the specific heats of ferromagnetic materials. Paut S. Epstern. California Insti- 
tute of Technology.—A theory of ferromagnetism developed by the author leads to the result 
that, at very low temperatures, the specific heats of ferro-magnetic substances follow the law 
c=0.208sR(T/0)*/?, where R is the gas constant and s the number of valency electrons per atom. 
The constant @ is closely related to the Curie point T> being of the order of magnitude of $7». 
The available experimental data do not go to sufficiently low temperatures to permit a test of 
this law but they are encouraging as far as the order of magnitude is concerned. 
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6. Mobilities of gaseous ions in mixtures of hydrogen and nitromethane and hydrogen and 
methyl cyanide. EL1zABETH A. HIGLEY AND CAROLYN C. THORSEN. Introduced by L. B. Logs. 
University of California.—In continuation of the investigations of L. B. Loeb on ionic mobilities 
in mixtures of various gases, it seemed worthwhile to investigate the action of nitro-bodies and 
cyanides. Owing to the toxic and unstable nature of these substances it was decided to study 
the simplest organic derivatives of the two radicals. The mobilities of the positive and negative 
ions in Kahlbaum’s methyl cyanide were 0.237 cm/sec. and 0.234 cm/sec. respectively, and the 
values in Kahlbaum’s nitromethane were 0.221 cm/sec. and 0.221 cm/sec. respectively. The 
addition of traces of both of these gases to hydrogen caused an abnormal decrease of the mo- 
bility on both ions, and cause a deviation from Blanc’s law indicating the formation of a definite 
addition product with ions of both signs. The effect in nitromethane was distinctly greater than 
the effect in methyl cyanide. These measurements were made keeping the auxiliary field equal 
to the driving field, and therefore represent the mobilities on the new standard absolute scale. 


7. Determination of the coefficient of ionization by collision using large plate distances and 
higher pressures. FREDERICK H. SANDERs. Introduced by L. B. Logs. University of California. 
—The coefficient of ionization by collision, a, was measured in dry air at a pressure of 380 mm 
over a range of field strengths varying from X =13,680 (X/p=36) to X =7,600 (X /p=20). 
The ionization chamber used was of such dimensions as to make the investigations possible at 
plate distances ranging from one to five centimeters. With these large plate distances it was 
possible to evaulate a for values of X/p as low as 20. It was found that instead of the coefficient 
being equal to zero at X/p=30.1 as shown by Paavola (Archiv. fiir Elektrotechnik 443, 22 
(1929)). @ actually has a measurable value at X /p=20. Plotting a/p asa function of X/p, the 
curve approaches the zero axis asymptotically. The highest value of X /p attained was 36.5, 
which is within two percent of the sparking potential at a plate distance of 2.5 centimeters. At 
this field strength no increase in current with plate distance was noted beyond that given by 
the simple Townsend relation i =i,e*¢. (Laboratory equipment for this research was made pos- 
sible through a grant-in-aid from the National Research Council.) 


8. The distribution of electrons in the photo-effect by Roentgen rays, classically treated. 
JakoB Kunz. University of Illinois. (To be read by title.)—Severai treatments of this effect by 
means of wave mechanics have been given. If a beam of Roentgen rays passes through a gas, 
most of the electrons are not given out in the direction of the electric force E, but in a more 
forward direction. If the direction of observation makes an angle 6 with c, the velocity of light, 
the component of E is E sin @ and the intensity of light is CE? sin*@ and is proportional to the 
number of electrons emitted in the direction 6. Moreover, I have shown in a previous article, 
(Phys. Rev. 6, 413, (1915)), that in the Roentgen pulse the electric force 

ev sin 0 
Ey 2 eee 
bp(c — v cos 0) 
where the thickness 
6 = 1(2c — v cos 8)/2. 


The intensity of the beam is again equal to 


Ce*v* sin? @ 
CE? = wb ins in: — vcos 6)~*%(2c — vcos H~? 
pl? 
Ce*v'c?2 5 v , 
= (145 ~ cos 6) sin* @ 
pl? 2 «¢ 


a formula deduced in wave mechanics with different constants. 


9. A theory of the Raman rotation spectra. WILLIAM V. Houston, California Institute of 
Technology.—The Raman spectrum may be treated as due to variable polarizability, as has 
been done by Placzek for the vibration lines. If the tensor of polarizability is transformed, by 
means of the-Eulerian angles, to axes which are fixed with reference to the incident beam of 
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light, the periodic change of these angles gives the Raman lines of the rotation spectrum. It is 
thus possible to evaluate the relative intensities of the lines, as well as their polarization, without 
any knowledge of the electronic levels of the molecule. This method of treatment explains very 
nicely why a spherically symmetric molecule, such as methane, shows no rotation spectrum, 
although it does show a rotation-vibration spectrum. 



























10. Secondary effects in the ionization by hard gamma-rays. E. J. WorkKMAN, National 
Research Fellow, California Institute of Technology —The author has previously reported con- 
cerning the increase of the ionization in a metal electroscope, as produced by increasing the wall 
thickness of the chamber. Another arrangement has been used in which a canalized beam of 
gamma-rays from the radium, filtered by as much as 3 cm of lead, was directed along the axis 
of a cylindrical ionization chamber (10 cm long and 9 cm diameter) containing air at atmos- 
pheric pressure. Various thicknesses of cellophane, graphite, aluminum, iron, tin, and lead were 
placed on the front and then on the back of the chamber and the ionization studied. Lead, 
placed on the back end of the chamber, causes an increase of approximately 60 percent in the 
ionization when a filter of 3 cm of lead is used. For other materials the increase is nearly pro- 
portional to the atomic number. A large part of the increase is doubtless due to scattering of 
electrons from the back wall. Equivalent electron thicknesses of the materials on the front end 
of the chamber may either increase or decrease the ionization according to whether the ma- 
terial is of low or high atomic number. The order in which the materials arrange themselves 
with respect to the effect they produce on the ionization, as well as the magnitude of the effect 
for a given material, depends upon the thickness of the filter. 









11. Absorption bands in the infrared spectrum of Venus. W. S. ApAMS AND THEODOR 
Dunnam, Jr. Mt. Wilson Solar Observatory. 


12. The absolute magnitudes of the 05 to B2 stars determined from the interstellar lines. 
J. A. PEaRcE. Dominion Astrophysical Observatory. 








13. On the temperatures of Wolf-Rayet stars and novae. C. S. Beats. Dominion Astro- 
physical Observatory. 
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